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Multiwinner Elections

Given approval profile, select a committee of exactly k candidates.

Find good committee rule:

One option (AV): choose k candidates with highest approval score  
             — strategyproof!

e.g. (ab, ab, ab, de, df) -> AV committee ab;   proportional ad
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f : (2A)n → 𝒞k



Proportional Approval Voting (PAV)

Select the k-committee W maximising

Diminishing marginal utility

Proportional: 30% group gets ~30% of seats

Vulnerable to free-riding  
Profile (abc, abc, abc, abd, abd) -> abc  
             (abc, abc, abc, abd,    d) -> abd

∑
i∈N
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|P(i) ∩ W | )
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(No.)

Is there a rule which is both  
proportional and strategyproof?



Theorem. Suppose k ≥ 3 and n is a multiple of k. No resolute 
rule satisfies proportionality and strategyproofness.
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Is there a rule which is both  
proportional and strategyproof?



Strategyproofness
committee of size k = 5, of which voter i approves 2 candidates.
If i can submit a non-truthful approval ballots which leads to the
election of a committee with 3 candidates who are approved by i ,
then this manipulation would be successful in the cardinality sense.

Cardinality-Strategyproofness If P 0 is an i-variant of P , then
we do not have | f (P 0) \ P (i ) | > | f (P ) \ P (i ) |.

One can check that AV with lexicographic tie-breaking satis�es
cardinality-strategyproofness: it is neither advantageous to increase
the approval score of a non-approved candidate, nor to decrease
the approval score of an approved candidate.

Alternatively, we can interpret an approval ballot A 2 B to
say that the voter likes the candidates in A (and would like them
to in the committee), and that the voter dislikes the candidates
not in A (and would like them not to be in the committee). The
voter’s ‘utility’ derived from committeeW would be the number
of approved candidates inW plus the number of non-approved
candidates not inW . Interpreting approval ballots and committees
as bit strings of length m, the voter thus desires the Hamming
distance between their ballot and the committee to be small. For
two sets A,B, writeH (A,B) = |A � B | = |(A [ B) \ (A \ B) |.

Hamming-Strategyproofness If P 0 is an i-variant of P , then
we do not haveH ( f (P 0), P (i )) < H ( f (P ), P (i )).

One can check that Hamming-strategyproofness and cardinality-
strategyproofness are equivalent, because for a �xed ballot P (i ), a
committee is Hamming-closer to P (i ) than another if and only if
the number of approved candidates is higher in the former.

The notions of strategyproofness described so far make sense
if we subscribe to the interpretation of an approval ballot as a di-
chotomous preference, with the voter being completely indi�erent
between all approved candidates (or being unable to distinguish be-
tween them). In some settings, this is not a reasonable assumption.

For example, suppose i approves {a,b, c}; still it might be reason-
able for i to prefer a committee containing just a to a committee
containing both b and c , maybe because i’s underlying preferences
are such that a is preferred to b and c , even though all three are
approved. However, i should de�nitely prefer a committee that in-
cludes a strict superset of approved candidates. For example, a com-
mittee containinga andb should be better than a committee contain-
ing only a. This is the intuition behind superset-strategyproofness,
which is a weaker notion than cardinality-strategyproofness.

Superset-Strategyproofness If P 0 is an i-variant of P , then we
do not have f (P 0) \ P (i ) ) f (P ) \ P (i ).

Interestingly, PAV and other proportional rules are often manip-
ulable in a particularly simple fashion: a manipulator can obtain a
better outcome by dropping popular candidates from their approval
ballot. Formally, these rules can be manipulated even through re-
porting a proper subset of the truthful ballot. Our �nal and o�cial
notion of strategyproofness is a version of subset-strategyproofness
which only requires the committee rule to resist manipulators who
report a subset of the truthful ballot.

Strategyproofness If P 0 is an i-variant of P with P 0(i ) ⇢ P (i ),
then we do not have f (P 0) \ P (i ) ) f (P ) \ P (i ).

Manipulating by reporting a subset of one’s truthful ballot is
sometimes known as Hylland free riding [30, 42]: the manipula-
tor free-rides on others approving a candidate, and can pretend
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Figure 1: Proportionality axioms and logical implications.

to be worse o� than they actually are. This can then induce the
committee rule to add further candidates from their ballot to the
committee. Aziz et al. [2] study a related notion of ‘excludable
strategyproofness’ in the context of probabilistic voting rules.

Interestingly, one can check that PAV cannot be manipulated by
reporting a superset of one’s ballot; such a manoeuvre never helps.

3.2 Proportionality
We now discuss several axioms formalising the notion that the com-
mittee rule f should be proportional, in the sense of proportionally
representing di�erent factions of voters: for example, a ‘cohesive’
group of 10% of the voters should be represented by about 10%
of the members of the committee. The version of proportionality
used in our impossibility is the last axiom we discuss. All other
versions imply the one leading to impossibility; thus, this version
is the weakest notion among the ones discussed here. Figure 1
shows a Hasse diagram of all discussed axioms. Approval Voting
(AV) fails all of them, as can be checked for the example pro�le
P = (abc,abc,d ) and k = 3, where AV returns abc .

We say that a pro�le P is a party-list pro�le if for all voters
i, j 2 N , either P (i ) = P (j ), or P (i ) \ P (j ) = ;. For example,
(ab,ab, cde, cde, f) is a party-list pro�le, but (ab, c, c,abc ) is not. A
party-list pro�le induces a partition of the set C of candidates into
disjoint parties, so that each voter approves precisely the members
of exactly one party. The problem of �nding a proportional com-
mittee given a party-list pro�le has been extensively studied as the
problem of apportionment. Functions � : {party-list pro�les} ! Ck
are known as apportionment methods; thus any committee rule
induces an apportionment by restricting its domain to party-list
pro�les [16]. Many proportional apportionment methods have been
introduced and defended over the last few centuries. Given a com-
mittee rule f , one way to formalise the notion that f is proportional
is by requiring that the apportionment method induced by f is pro-
portional.

Given a party-list pro�le P , let us write nP (A) = |{i 2 N : P (i ) =
A}| for the number of voters approving party A. An apportionment
method � satis�es lower quota if for every party-list pro�le P , each
party A in P gets at least bnP (A) · kn c seats, that is, |�(P ) \ A| >
bnP (A) ·

k
n c. This notion gives us our �rst proportionality axiom.
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strategyproofness’ in the context of probabilistic voting rules.
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used in our impossibility is the last axiom we discuss. All other
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to be worse o� than they actually are. This can then induce the
committee rule to add further candidates from their ballot to the
committee. Aziz et al. [2] study a related notion of ‘excludable
strategyproofness’ in the context of probabilistic voting rules.

Interestingly, one can check that PAV cannot be manipulated by
reporting a superset of one’s ballot; such a manoeuvre never helps.

3.2 Proportionality
We now discuss several axioms formalising the notion that the com-
mittee rule f should be proportional, in the sense of proportionally
representing di�erent factions of voters: for example, a ‘cohesive’
group of 10% of the voters should be represented by about 10%
of the members of the committee. The version of proportionality
used in our impossibility is the last axiom we discuss. All other
versions imply the one leading to impossibility; thus, this version
is the weakest notion among the ones discussed here. Figure 1
shows a Hasse diagram of all discussed axioms. Approval Voting
(AV) fails all of them, as can be checked for the example pro�le
P = (abc,abc,d ) and k = 3, where AV returns abc .

We say that a pro�le P is a party-list pro�le if for all voters
i, j 2 N , either P (i ) = P (j ), or P (i ) \ P (j ) = ;. For example,
(ab,ab, cde, cde, f) is a party-list pro�le, but (ab, c, c,abc ) is not. A
party-list pro�le induces a partition of the set C of candidates into
disjoint parties, so that each voter approves precisely the members
of exactly one party. The problem of �nding a proportional com-
mittee given a party-list pro�le has been extensively studied as the
problem of apportionment. Functions � : {party-list pro�les} ! Ck
are known as apportionment methods; thus any committee rule
induces an apportionment by restricting its domain to party-list
pro�les [16]. Many proportional apportionment methods have been
introduced and defended over the last few centuries. Given a com-
mittee rule f , one way to formalise the notion that f is proportional
is by requiring that the apportionment method induced by f is pro-
portional.

Given a party-list pro�le P , let us write nP (A) = |{i 2 N : P (i ) =
A}| for the number of voters approving party A. An apportionment
method � satis�es lower quota if for every party-list pro�le P , each
party A in P gets at least bnP (A) · kn c seats, that is, |�(P ) \ A| >
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If i can submit a non-truthful approval ballots which leads to the
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then this manipulation would be successful in the cardinality sense.

Cardinality-Strategyproofness If P 0 is an i-variant of P , then
we do not have | f (P 0) \ P (i ) | > | f (P ) \ P (i ) |.

One can check that AV with lexicographic tie-breaking satis�es
cardinality-strategyproofness: it is neither advantageous to increase
the approval score of a non-approved candidate, nor to decrease
the approval score of an approved candidate.

Alternatively, we can interpret an approval ballot A 2 B to
say that the voter likes the candidates in A (and would like them
to in the committee), and that the voter dislikes the candidates
not in A (and would like them not to be in the committee). The
voter’s ‘utility’ derived from committeeW would be the number
of approved candidates inW plus the number of non-approved
candidates not inW . Interpreting approval ballots and committees
as bit strings of length m, the voter thus desires the Hamming
distance between their ballot and the committee to be small. For
two sets A,B, writeH (A,B) = |A � B | = |(A [ B) \ (A \ B) |.

Hamming-Strategyproofness If P 0 is an i-variant of P , then
we do not haveH ( f (P 0), P (i )) < H ( f (P ), P (i )).

One can check that Hamming-strategyproofness and cardinality-
strategyproofness are equivalent, because for a �xed ballot P (i ), a
committee is Hamming-closer to P (i ) than another if and only if
the number of approved candidates is higher in the former.

The notions of strategyproofness described so far make sense
if we subscribe to the interpretation of an approval ballot as a di-
chotomous preference, with the voter being completely indi�erent
between all approved candidates (or being unable to distinguish be-
tween them). In some settings, this is not a reasonable assumption.

For example, suppose i approves {a,b, c}; still it might be reason-
able for i to prefer a committee containing just a to a committee
containing both b and c , maybe because i’s underlying preferences
are such that a is preferred to b and c , even though all three are
approved. However, i should de�nitely prefer a committee that in-
cludes a strict superset of approved candidates. For example, a com-
mittee containinga andb should be better than a committee contain-
ing only a. This is the intuition behind superset-strategyproofness,
which is a weaker notion than cardinality-strategyproofness.

Superset-Strategyproofness If P 0 is an i-variant of P , then we
do not have f (P 0) \ P (i ) ) f (P ) \ P (i ).

Interestingly, PAV and other proportional rules are often manip-
ulable in a particularly simple fashion: a manipulator can obtain a
better outcome by dropping popular candidates from their approval
ballot. Formally, these rules can be manipulated even through re-
porting a proper subset of the truthful ballot. Our �nal and o�cial
notion of strategyproofness is a version of subset-strategyproofness
which only requires the committee rule to resist manipulators who
report a subset of the truthful ballot.

Strategyproofness If P 0 is an i-variant of P with P 0(i ) ⇢ P (i ),
then we do not have f (P 0) \ P (i ) ) f (P ) \ P (i ).

Manipulating by reporting a subset of one’s truthful ballot is
sometimes known as Hylland free riding [30, 42]: the manipula-
tor free-rides on others approving a candidate, and can pretend
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to be worse o� than they actually are. This can then induce the
committee rule to add further candidates from their ballot to the
committee. Aziz et al. [2] study a related notion of ‘excludable
strategyproofness’ in the context of probabilistic voting rules.

Interestingly, one can check that PAV cannot be manipulated by
reporting a superset of one’s ballot; such a manoeuvre never helps.

3.2 Proportionality
We now discuss several axioms formalising the notion that the com-
mittee rule f should be proportional, in the sense of proportionally
representing di�erent factions of voters: for example, a ‘cohesive’
group of 10% of the voters should be represented by about 10%
of the members of the committee. The version of proportionality
used in our impossibility is the last axiom we discuss. All other
versions imply the one leading to impossibility; thus, this version
is the weakest notion among the ones discussed here. Figure 1
shows a Hasse diagram of all discussed axioms. Approval Voting
(AV) fails all of them, as can be checked for the example pro�le
P = (abc,abc,d ) and k = 3, where AV returns abc .

We say that a pro�le P is a party-list pro�le if for all voters
i, j 2 N , either P (i ) = P (j ), or P (i ) \ P (j ) = ;. For example,
(ab,ab, cde, cde, f) is a party-list pro�le, but (ab, c, c,abc ) is not. A
party-list pro�le induces a partition of the set C of candidates into
disjoint parties, so that each voter approves precisely the members
of exactly one party. The problem of �nding a proportional com-
mittee given a party-list pro�le has been extensively studied as the
problem of apportionment. Functions � : {party-list pro�les} ! Ck
are known as apportionment methods; thus any committee rule
induces an apportionment by restricting its domain to party-list
pro�les [16]. Many proportional apportionment methods have been
introduced and defended over the last few centuries. Given a com-
mittee rule f , one way to formalise the notion that f is proportional
is by requiring that the apportionment method induced by f is pro-
portional.

Given a party-list pro�le P , let us write nP (A) = |{i 2 N : P (i ) =
A}| for the number of voters approving party A. An apportionment
method � satis�es lower quota if for every party-list pro�le P , each
party A in P gets at least bnP (A) · kn c seats, that is, |�(P ) \ A| >
bnP (A) ·

k
n c. This notion gives us our �rst proportionality axiom.

3

committee rule induces 
apportionment method over 

party-list profiles 
(ab,ab,ab,cd,cd)

cohesive group of    
           voters deserves  

l representatives 
l ⋅

n
k

cohesive group of    
n/k voters deserves  
a representatives

in a party-list profile,
if singleton party {a} has support  

n/k, then put a in committee

can also use  
disjoint diversity

in party-list profile with ⩽ k 
every party represented
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SAT Solving
In many cases, we can specify our axiomatic requirements in

propositional logic, and use a SAT solver to check for the existence
of a suitable voting rule. Due to recent dramatic improvements in
solving times of SAT solvers, this approach often makes this search
feasible, even for moderately large values of n andm [14].

How can we encode our problem of �nding a proportional and
strategyproof committee rule into propositional logic? This turns
out to be straightforward. Our formula will be speci�ed so that
every satisfying assignment explicitly encodes a committee rule sat-
isfying the axioms. We generate a list of all (2m )n possible approval
pro�les, and for each pro�le P and each committeeW , we introduce
a propositional variable xP,W with the intended interpretation that

xP,W is true () f (P ) =W .

We then add clauses that ensure that any satisfying assignment
encodes a function (so that f (P ) takes exactly one value), we add
clauses that ensure that only proportional committees may be re-
turned, and we iterate through all pro�les P and all i-variants of
it, adding clauses to ensure that no successful manipulations are
possible. The details are shown in Algorithm 1; the formulation
we use is slightly more e�cient by never introducing the variable
xP,W in case that the committeeW is not proportional in pro�le P .

Now, given numbers n,m, and k , Algorithm 1 encodes our prob-
lem, passes the resulting propositional formula to a SAT solver
[1, 10] and reports whether the formula was satis�able. If it is
satis�able, then we know that there exists a propotional and strate-
gyproof committee rule for these parameter values, and the SAT
solver will return an explicit example of such a rule in form of a
look-up table. If the formula is unsatis�able (like in our case), then
we have an impossibility for these parameter values.

A remaining challenge is to extend this impossibility result to
other parameter values, which is usually done by proving induction
steps; however, this is not always straightforward to do, and in some
cases, impossibilities do not hold for all larger parameter values
[e.g., 39]. In many cases, the induction step on n is most-di�cult
to establish. We also run into trouble proving this step, and our
impossibility is only proved for the case where n is a multiple of k .

Another challenge is to �nd a proof of the obtained impossi-
bility, and preferably one that can easily be checked by a human.
Many SAT solvers can be con�gured to output a proof trace which
contains all steps used to deduce that the formula is unsatis�able;
but these proofs can become very large. Recent examples are SAT-
generated proofs of a special case of the Erdős Discrepancy Con-
jecture [33] which takes 13GB, and of a solution to the Boolean
Pythagorean Triples Problem [29] which takes 200TB. Clearly, hu-
mans cannot check the correctness of these proofs.

We use the method introduced by Brandt and Geist [13] via min-
imal unsatis�able sets (MUS). An MUS of an unsatis�able proposi-
tional formula in conjunctive normal form is a subset of its clauses
which is already unsatis�able, but minimally so: removing any fur-
ther clause leaves a satis�able formula. Thus, every clause in an
MUS corresponds to a ‘proof ingredient’ which cannot be skipped.
MUSes of formulas derived from voting problems like ours are of-
ten very small, only referring to a few dozen pro�les. This can be
explained through the ‘local’ nature of the axioms used: propor-
tionality constrains the behaviour of the committee rule at a single
pro�le, and strategyproofness links the behaviour at two pro�les.

ALGORITHM 1: Encode Problem for SAT Solving
Input: Set C of candidates, set N of voters, committee size k .
Question: Does a proportional and strategyproof committee rule exist?
for each pro�le P 2 BN do

if P is a party-list pro�le then
allowed[P ] {C 2 Ck : C provides JR to singleton parties}

else
allowed[P ] Ck

for each committee C 2 allowed[P ] do
introduce propositional variable xP,C

for each pro�le P 2 BN do
add clause

W
C2allowed[P ] xP,C

add clauses
V
C,C02allowed[P ] (¬xP,C _ ¬xP,C0 )

for each voter i 2 N do
for each i-variant P 0 of P with P 0(i ) ✓ P (i ) do

for each C 2 allowed[P ] and C0 2 allowed[P 0] do
if C0 \ P (i ) ) C \ P (i ) then

add clause (¬xP,C _ ¬xP 0,C0 )
pass formula to SAT solver
return whether formula is satis�able

MUSes can be found using MUS extractors, which have become
reasonably e�cient. We used MUSer2 [9] and MARCO [35]. Once
one �nds a small MUS, it can then be manually inspected to under-
stand how the clauses in the MUS �t together. More details of this
process are described in the book chapter by Geist and Peters [28].

5 THE IMPOSSIBILITY THEOREM
We are now in a position to state our main result, that there are no
proportional and strategyproof committee rules.

T������ 5.1. Suppose k > 3, the number n of voters is divisible
by k , andm > k + 1. Then there exists no approval-based committee
rule which satis�es proportionality and strategyproofness.

The assumption that k > 3 is critical; we discuss the cases k = 1
and k = 2 separately in Section 5.4. The assumption that n be
divisible by k also appears to be critical; the SAT solver indicates
positive results when n is not a multiple of k . However, we do not
know short descriptions of these rules, and it is possible (likely?)
that impossibility holds for large n and m. When strengthening
the proportionality axiom, we can extend our result to hold for all
su�ciently large n; see Section 5.3.

The proof of this impossibility was found with the help of com-
puters, but it was signi�cantly simpli�ed manually. One convenient
�rst step is to establish the following simple lemma. It uses strate-
gyproofness to extend the applicability of proportionality to certain
pro�les that are not party-list pro�les.

L���� 5.2. Letm = k+1. Let f be strategyproof and proportional.
Suppose that P is a pro�le in which some singleton ballot {c} appears at
least nk times, but in which no other voter approves c . Then c 2 f (P ).

P����. Let P 0 be the pro�le de�ned by

P 0(i ) =
8><>:
{c} if P (i ) = {c},
C \ {c} otherwise.

Then P 0 is a party-list pro�le, and by proportionality, c 2 f (P 0).
Thus, f (P 0) , C \ {c}. Now, step by step, we let each non-{c} voter

5
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Proof Strategy

Using SAT + MUS, prove base case k = 3, n = 3, m = 4.

Consider profile P = (ab, c, d); by proportionality wlog f(P) = acd.
Use strategyproofness to deduce value of f at 13 other profiles, obtaining 
contradiction f(P) = bcd.

Prove induction steps:

By copying the profile, holds for q · k voters

By adding never-approved candidates, holds for m ≥ 3

By adding a k+1st ‘party’, can move from k to k + 1

!9



Theorem. Suppose k ≥ 3 and n is a multiple of k. No resolute 
rule satisfies proportionality and strategyproofness.

!10

k = 2? other n?
what can we say 

without?



Small Committees

Result does not hold for k = 2.

For k = 2 and n odd, AV satisfies JR!
because cohesive groups are strict majorities, which AV favours

But does hold when allowing all manipulations (not just subsets).

!11



Other Electorate Sizes

Is the assumption that n is a multiple of k necessary?
SAT solver suggests yes, at least for small parameters

Open question

Result holds for all n when using Droop quota:  
every group of > n/(k + 1) needs to be represented.

!12



Resoluteness

Proof exploits “awkward resoluteness”  
P = (ab, c, d); f needs to make an arbitrary choice

How to relax resoluteness?

Result holds for randomised rules:

Proportionality: all committees in support must be proportional

Strategyproofness: Can’t get more approved candidates in 
expectation

!13



Open Questions

Does result hold for all n?

What about single-peaked preferences?  
      intuitively, choosing e.g. percentiles is proportional

Proportionality and (strong) monotonicity

EJR and committee monotonicity

Characterise AV with reinforcement + s.p.  (cf. Lackner & Skowron IJCAI-18)
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