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Efficient Coalition Formation when Agents’ Preferences are Structured: 

 

Hedonic Games: The Model 
Finite set N of agents, each  having  

preferences  over groups of agents: 
  

Outcome: a partition   of the agent set N. 
 

Solution Concepts 
We want partition   to be stable. What could this mean? 

Nash stable (NS): no individual wants to 
change into another group. 
 

Individually stable (IS): no individual 
can change into a group in which all 
members welcome her. 
 
Core stable (CR): no group S of agents 
all prefer S to where they are in . 

Strict Core stable (SCR): only require 1 
deviator in S to have a strict preference. 

Social Welfare: if agents have numerical utilities, we can 
aim to find a partition that has high social welfare, i.e., 
the sum of the agents’ utilities is large. 

Envy-free: We can also define fairness concepts: a parti-
tion is envy-free if no agent wishes to take the position ofo 
another agent. 

Computational Complexity: Bad News 
Given: a hedonic game (concisely represented somehow) 
Question: Does there exist a good outcome in one of the 
senses above? If yes, find one. 

• Large AI literature studies complexity of this question 
• Almost always intractable: questions are hard for NP or even for 

the second level of the polynomial hierarchy 
• Previous attempts at identifying islands of tractability has fo-

cussed on restricting individual preferences, say by considering 
preferences obtained by adding, averaging, or minimising values. 

• Peters and Elkind (IJCAI 2015): this approach can't work 
• New approach needed: let’s try a structural one 

Graphical Hedonic Games 
Idea: Agents are part of a social network, and we try to 
exploit the structure of the network topology. 

Formally, we equip a hedonic game with an agent de-
pendency graph so that agents only care 
about whether they are together with their neighbours: 

Note: Can always take the complete graph, but we usually want few edges. 

Structure in the Network Topology 
• If the social network of a graphical hedonic game is structured in 

some way, algorithms may be able to use this structure. 
• Throughout algorithmic graph theory, bounding treewidth is a 

wildly successful technique for obtaining tractability. 
• We report results for bounded treewidth and bounded max-degree 

below. 
• Future work: Other structural restrictions: planar graphs? minor-

free graphs? bipartite graphs?  

Results: Bounded Treewidth and Degree 

Application: Allocation of Indivisible Goods 
• A collection of objects need to be allocated to agents 
• Agents have preferences over bundles of objects. 
• Goal: a fair allocation, or a welfare-maximising allocation (= com-

binatorial auctions). 
• This model can be seen as a special case of hedonic games, where 

objects are agents that are indifferent between all outcomes. 
• Positive results above transfer to this setting.
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Theorem. Maximising utilitarian or egalitarian social welfare in a 
graphical hedonic game can be done in time             . We can also 
find a Nash- or individually stable outcome in time            .  

elementary function unless P = NP (Frick and Grohe 2004).
This phenomenon is especially bad in our case as we are
using multiple quantifier alternations in our MSO-encoding.
Clearly, we cannot just ignore this as a merely ‘constant fac-
tor’. In this sense, Theorem 2 should be seen as an existence
result, but not as providing an actually usable algorithm.

In this section, we use an alternative approach due to Bod-
laender (1988) that produces algorithms with more manage-
able dependence on k and d for some important stability
and optimality problems. Bodlaender (1988) defines the very
general class of local condition composition problems (short
LCC or 1-LCC) and shows that they are linear-time solvable
on classes of graphs of bounded treewidth and degree. In
the following, we will give a definition of an LCC-problem,
suitably specialised for our purposes.

Let G = (V,E) be a graph with max-degree d for which a
tree decomposition of width k is given. Let E2(v) be the set
of edges from E whose endpoints are both within distance
2 of v. For maps f : E ! {0, 1}, let P (v, f |E2(v)) be a
0/1-property, and let W (v, f |E2(v)) be an integer-valued
function, both computable in time polynomial in their input
length. Finally, let � denote the binary operation of a totally
ordered commutative monoid over the integers. Examples
include taking � to be the sum, product, or minimum of the
values. Now consider the following computational problem:
Instance: Graph G = (V,E), additional data about G,
target value K.
Question: Does there exist a map f : E ! {0, 1} such
that for each v 2 V the property P (v, f |E2(v)) is true, andL

v2V W (v, f |E2(v)) > K?

Bodlaender (1988) shows that any problem of this form can
be solved in Õ(2kd

2

n) time. Here, the soft-Õ hides factors
polynomial in k and d which will depend on the runtime of
evaluating P and W .

Using this apparatus, we can encode hedonic games prob-
lems in a similar fashion as before. Again, a connected par-
tition ⇡ of N will be represented by a set E0 ✓ E of edges,
where E0 = f�1(1) = {e 2 E : f(e) = 1}. Using the
property P , we can enforce transitivity of E0. We can also
calculate in P the utility of a given agent in the partition
described by E0 (since f |E2(v) tells us which relevant play-
ers are in the same coalition as v), and we know who is in
the coalition of every agent w adjacent to v. For example,
we can thus let P (v, f |E2(v)) express that (i) E0 is transi-
tive at v and (ii) v does not want to Nash deviate under the
partition specified by E0. Hence deciding the existence of a
connected Nash-stable partition is an LCC problem. Since we
can calculate players’ utilities in E0, maximising utilitarian
or egalitarian or Nash social welfare is also an LCC problem.
Using this general technique, we find the following.

Theorem 5. There is an Õ(2kd
2

n) algorithm that, given a
graphical hedonic game and a tree decomposition, decides
whether there exists a connected partition ⇡ of the agent
set that satisfies (a combination of) (i) individual rationality,
(ii) Nash stability, (iii) individual stability, (iv) envy-freeness.
Subject to any combination (or none) of the preceding condi-
tions, we can also maximise utilitarian, egalitarian, or Nash

social welfare under ⇡.
A perfect partition can be found in slightly worse time. We

can always modify the dynamic programming implementa-
tion to actually return a partition ⇡ (if it exists) in the same
time bound. By using the technique of Corollary 3, we can
drop the condition that ⇡ is connected in exchange for a
worse time bound of Õ(2kd

5

n).
We can also use the LCC approach to get the following

result about verifying whether a given partition satisfies a
stability or optimality criterion.

Theorem 6. There is an Õ(2kd
2

n) algorithm that given a
hedonic game, an associated dependency graph, a tree de-
composition, and a partition ⇡ of N , decides whether ⇡ is
(i) Pareto optimal, (ii) core-stable, (iii) strict-core-stable.

While the method of reduction to LCC problems is ev-
idently quite powerful, it does not seem to capture ⌃p

2-
questions like whether a core-stable outcome exists.

9 Allocation of Indivisible Goods
In the problem of allocating indivisible goods, we are given
a set O = {o1, . . . , om} of objects that need to be allocated
to agents N who have preferences over bundles B ✓ O of
objects (see Bouveret, Chevaleyre, and Maudet (2016) for
a survey). Throughout, we will assume that no bundle is
unacceptable to any agent (a weak free-disposal assumption).
This setting can quite naturally be captured as a hedonic
game with agent set N [O, where no coalition containing
2 different agents from N is allowed, and i 2 N likes a
coalition S 2 Ni just as much as i likes the bundle S \ {i}.
The objects, on the other hand, are indifferent between all
outcomes. With this implementation, the hedonic-game- and
allocation-notions of envy-freeness, Pareto-optimality, and
of maximising social welfare coincide perfectly.

This hedonic game is also a graphical hedonic game whose
dependency graph is bipartite with N on one side and O
on the other, with an edge from i to o whenever i cares
about whether o is part of i’s bundle. Note that this graphical
hedonic game does not capture the requirement that coalitions
may only contain a single agent from N , but we will enforce
this condition later.

Let us now take a class of allocation problems whose asso-
ciated bipartite graphs have bounded treewidth and bounded
degree. The latter condition implies that every agent desires
a bounded number of objects, and every object is desired by
a bounded number of agents. The results developed over the
preceding sections will imply that on such a restricted class,
we can efficiently find allocations that are fair and/or efficient,
in contrast to many hardness results in the unrestricted case.

Using HG-logic, we can identify agents that belong to O
as those agents that are indifferent between all coalitions con-
taining them. Hence HG-logic is expressive enough to require
that a given coalition contains at most 1 non-object agent.
Hence, using HG-logic, we have an algorithm that decides
the existence of a Pareto-optimal and envy-free allocation,
which is ⌃p

2-complete for general preferences represented in
a logic representation (Bouveret and Lang 2008) and even for
additive utilities (de Keijzer et al. 2009). Similarly, there is an
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Hence, using HG-logic, we have an algorithm that decides
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2-complete for general preferences represented in
a logic representation (Bouveret and Lang 2008) and even for
additive utilities (de Keijzer et al. 2009). Similarly, there is an

Theorem. It is necessary to bound the max-degree: finding a 
stable outcome remains NP-hard for graphical hedonic games of 
treewidth 2, but of unbounded degree. 

Theorem. Deciding whether a graphical hedonic game admits a 
stable outcome is linear-FPT w.r.t. the treewidth k and max-degree 
d of the underlying graph; that is, the problem can be solved in 
time                   where f is a computable function. 
Proof method: Define “HG-logic” to capture properties of hedonic 
games, translate to MSO, apply Courcelle’s theorem.

O(f(k, d) · n)

these two agents are  

indifferent  

to each other’s presence


