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Kemeny Rank Aggregation 
Introduced by Kemeny (1959) and popularised by Young (1978-95). 
Input: a profile (≻i) of strict preference rankings 
Output: an optimal consensus ranking ≻ maximising 
agreement with the input profile, that is 

Equivalently, we wish to find a ranking ≻ of minimal 
Kendall-tau distance to the profile. 

Known Complexity Results 
Easy for 1 or 2 voters (constant time) 
NP-compl. for unbounded number of voters  [Bartholdi III et al. 1989] 
NP-compl. for 4 voters, 6 voters, 8 voters, …    [Dwork et al. 2001] 
Finding a Kemeny winner is Θ2

P-complete    [Hemaspaandra et al. 2005] 
Open for 3 voters, 5 voters, 7 voters, 9 voters, … 

Weighted Majority Tournaments 
Every profile can be associated with a weighted tournament on the 
alternative set, where arcs are labelled with the majority margin: 

Kemeny is equivalent to finding a min-weight feedback 
arc set of this tournament: find as few arcs as possible 
that need to be turned around to make a transitive 
tournament. If there is an odd number of voters, then 
all arcs receive a non-0 majority margin — this makes 
the problem hard to reason about. 

Conitzer’s Reduction 
Reduction from SAT. Given a formula φ, 
produce the following tournament with arc 
weights 1. Each variable gets a 6-vertex 
gadget, and a clause gadget is connected to 
all variable gadgets depending on whether 
that variable occurs posi-
tively, negatively, or does 
not occur. 
[Technical Note: if x occurs negatively in a clause cj, Conitzer's original reduction draws an 
arc from cj to x4. We draw the arc from cj to x5. Conitzer’s correctness argument works even 
with this change.] 

Proof. 
We may assume that the input formula φ satisfies the following: 
• every clause contains exactly 2 or 3 distinct literals 
• every variable occurs exactly once (positively or negatively) in a 3-clause 
• every variable occurs exactly once positively in a 2-clause 
• every variable occurs exactly once negatively in a 2-clause 
SAT remains hard for such formulas. 

Conitzer’s tournaments can be induced by the following 7 voters: 

Presented at COMSOC 2016, Toulouse

2 Weighted Tournament Solutions
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b � d � a � e � c ⇥ 3

d � a � c � e � b ⇥ 3

b � c � e � d � a ⇥ 4

a � e � c � d � b ⇥ 4

a � b � c � e � d ⇥ 1

e � c � d � a � b ⇥ 1

Figure 4.1 Example of a weighted tournament and a corresponding preference profile. The

illustration on the left shows a weighted tournament for A = {a, b, c, d, e}, where x 2 A

and y 2 A are connected by an arc with weight m(x, y) if and only if m(x, y) > 0. The

weighted tournament is induced by a preference profile for 16 voters with preferences and

multiplicities as shown on the right.

Theorem 4.1 (Debord, 1987) Let (A,M) be a weighted tournament. Then M =
MR for some profile R of preferences over A if and only if all o↵-diagonal elements
of M have the same parity.

For a given preference profile, the induced weighted tournament can be computed
in time O(nm2). Unlike tournaments, weighted tournaments can be exponentially
more succinct than the smallest preference profiles that induce them, but this turns
out to be inconsequential: all computational hardness results in this chapter hold
even when the input is given as a preference profile, whereas all tractable C2 func-
tions we consider can be computed in time polynomial in the size of the weighted
tournament.
We begin our investigation with Kemeny’s rule. Section 4.1 introduces the rule

and studies some of its properties, Section 4.2 then surveys computational hardness
results and di↵erent types of algorithms. Section 4.3 provides a more general treat-
ment of median orders and associated computational results, Section 4.4 a brief
overview of applications in rank aggregation. In Section 4.5 we finally study prop-
erties and computational aspects of various other C2 functions—including Borda’s
rule, Black’s rule, Nanson’s rule, maximin rule, Schulze’s method, the ranked pairs
method, and the essential set.

4.1 Kemeny’s Rule

Kemeny (1959) proposed to aggregate a preference profile R = (�1, . . . ,�n) into a
linear order � 2 L(A) that maximizes the number of agreements with the prefer-
ences in R, i.e., one for which

X

i2N

| �i \ � | = max
�02L(A)

X

i2N

| �i \ �0 |.

but note that a short proof was given by Le Breton (2005). A proof of McGarvey’s theorem can be
found in Section 3.2 (Brandt et al., 2015).

4

Weighted Tournament Solutions

Felix Fischer, Olivier Hudry, and Rolf Niedermeier

An obvious way to move beyond tournament solutions as studied in Chap-
ter 3 (Brandt et al., 2015) is to take into account not only the direction of the
majority preference between a pair of alternatives, but also its strength in terms of
the margin by which one alternative is preferred. We focus in this chapter on social
choice functions that are called C2 functions by Fishburn (1977) and could also be
referred to as weighted tournament solutions: social choice functions that depend
only on pairwise majority margins but are not tournament solutions.

Consider a set A = {1, . . . ,m} of alternatives and a set N = {1, . . . , n} of voters
with preferences �i2 L(A) for all i 2 N . Here, we denote by L(X) the set of
all linear orders on a finite set X, i.e., the set of all binary relations on X that
are complete, transitive, and asymmetric. For a given preference profile R = (�1

, . . . ,�n) 2 L(A)n, the majority margin mR(x, y) of x over y is defined as the
di↵erence between the number of voters who prefer x to y and the number of voters
who prefer y to x, i.e.,

mR(x, y) =
��{i 2 N : x �i y}

���
��{i 2 N : y �i x}

��.

We will routinely omit the subscript when R is clear from the context. The pairwise
majority margins arising from a preference profile R can be conveniently represented
by a weighted tournament (A,MR), where MR is the antisymmetric m⇥m matrix
with (MR)xx = 0 for x 2 A and (MR)xy = mR(x, y) for x, y 2 A with x 6= y.1 An
example of a weighted tournament and a corresponding preference profile is shown
in Figure 4.1. Since C2 functions only depend on majority margins, they can be
viewed as functions mapping weighted tournaments to sets of alternatives, or to
linear orders of the alternatives.

Clearly all majority margins will be even if the number of voters is even, and
odd if the number of voters is odd. The following result, similarly to McGarvey’s
theorem for tournaments (McGarvey, 1953), establishes that this condition in fact
characterizes the set of weighted tournaments induced by preference profiles.2

1 Note that antisymmetry of MR only implies asymmetry and not antisymmetry of the relation
{(x, y) 2 A ⇥ A : m(x, y) > m(y, x)}. Therefore, unlike tournaments, weighted tournaments allow
for ties in pairwise comparisons.

2 The example in Figure 4.1 provides some intuition why this result is true. We do not prove it here,
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Variable Gadget: 

6 vertices per variable x
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Clause Gadget: 

1 vertex per clause
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Theorem (Conitzer 2006): Feedback arc set is NP-complete on 
tournaments where every arc has weight 1. 
Our proof strategy: Show that all tournaments arising as hard 
instances of Conitzer’s reduction can be induced by 7-voter pro-
files (a technique due to Bachmann et al. 2016)

Let x1, . . . , xn be the variables of �, let C2 be the set of 2-clauses, and let C3

be the set of 3-clauses. The clauses are canonically ordered,

�!
C . We denote the

reverse ordering by

 �
C . When specifying a voter, we let

�!
rest be some ordering

of the vertices not yet mentioned in the vote.
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