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§1. Introductio n 

Axiomatic definition s ar e give n fo r tw o rule s fo r grou p choic e o f alternatives . 
These rule s coincid e wit h th e pluralit y rul e (PL ) an d Borda' s rul e (BR ) i n th e 
case o f stric t individua l ordering s o f preferenc e o n a  se t X.  Th e definitio n o f 
PL fo r stric t ordering s o f X  i s given i n [7] , and tha t o f B R i n [10 ] (se e als o [9]) . 
In § 2 w e giv e axiom s an d definition s neede d fo r formulatin g Theorem s 1  an d 
2 i n §3 , som e simpl e corollaries , an d th e definition s o f P L an d BR . I n § 3 we 
prove Theorem s 1  and 2 , which axiomaticall y characteriz e tw o rules , th e first a 
generalization o f PL, and th e second a  rule simila r t o BR. I n § 4 the rules define d 
in § 3 are compare d wit h P L an d BR , an d i t i s show n tha t the y coincid e i n a 
special case . I n § 5 we commen t o n th e axioms , th e P L an d B R rules , an d th e 
rules define d b y Theorem s 1  and 2 . 

§2. Axiom s an d definition s 

Let {a , 6 , . . ., x , . . . }  =  X  b e a  finite  an d nonempt y se t o f alternatives , wit h 
\X\ =  m . Le t X> Zj =  Xj  b e a  well-ordering o f the se t X  b y a  pre-orde r relatio n 
>Zj, i.e. , >Zj  i s a  reflexiv e an d transitiv e binar y relation . A s usual , x  ~j  y  mean s 
that x  >Zj  y  an d x  -<j  y, an d x  >j  y  mean s tha t x  >Zj  y  an d x  n^j  y.  W e sa y 
that Xj  i s an indifference  i f x  ~ y y  fo r al l x , | / G l , an d X 3 i s a  strict  preference 
if x  nCj  y  o r x  ^  y. 

We shal l conside r finite  set s I I tha t ar e collection s o f ordering s o f X,  i.e. , 
II =  {X\, ... , X n } . Le t /  b e a  mappin g (choic e rule ) define d o n th e se t o f al l 
finite I I an d satisfyin g th e conditio n 

AO. 0 ? /(n) c x. 
1980 Mathematics  Subject  Classification  (198 5 Revision).  Primar y 90A05 , 90A08 ; Secondar y 

90D35. 
Translation o f Mat . Metod y v  Sotsial . Nauk . Vyp . 1 5 (1982) , 27-36 ; M R 85d : 90011 . 

©1987 America n Mathematica l Societ y 
0065-9290/87 $1.0 0 +  $.2 5 pe r pag e 

149 

http://dx.doi.org/10.1090/trans2/136/14



150 ALGIS MORKELIUNA S 

Let / i b e a permutatio n o n X  an d g  a permutation o n { 1 , . . . , n}  an d le t hXj 
and gi  be the image s of the mappings h  and # , respectively, fo r ordering s Xj  an d 
numbers z ' G { l , . . . , n } . Th e symmetr y axio m i s as follows : 

Al. a ) / ( / in ) =  f({hX u..., hX n}) =  hf(U)  fo r al l h  an d II ; 
b) f(ILg)  =  f{{Xg u.. .,Xg n}) =  /(II ) fo r al l g  and II . 
The axio m A2 , calle d separabilit y i n [8 ] and consistenc y i n [7] , [9] , and [10] , 

is as follows : 

A2. /(n) n /(n1) /0=^/(nu n 1) = /(n) n /(n1) for ail n and n1. 
Here I I U  II1 =  {Xi , . . . , X n , X * , . . . ,X*} , i.e. , i s th e se t forme d fro m bot h 

the Xj  G  n an d th e X ] G  II1 . 
Denote b y Xj-  th e orderin g tha t i s the revers e o f Xj, i.e. , x  >-j  y o  y  >~j-  x, 

and le t II ~ =  {X^-, . . . , X n - } . Th e followin g axiom , apparentl y first  discusse d 
in [3] , is called th e dualit y axiom . 

A3, /(II ) ^  X  =>  /(II ) CX\  / ( I I " ) fo r al l II . 
Note tha t axio m A 3 ca n b e replace d b y th e followin g condition s i f A0-A 2 

hold: 

A3*. f{u) n /(n-) ^ 0 => /(n) = /(n-) = x for ail n. 
A3**. / ( n u n - ) = X f o r a l i n . 

LEMMA 1 . / / / satisfies  A0-A2 , then  A3,  A3*,  and  A3** are  equivalent. 

PROOF. A 3 = > A3* is obtained fro m A0 , sinc e 

f(u)n f(u~)  ^0=> f(u) <£x\ /(ir) =» /(n) = /(ir) =  x 
A3* = > A3* * follow s fro m th e fac t tha t UJ  = CJ - fo r C J =  I I U  I I- , and , 

consequently, 

/M = /(w) = /(nun-) = x. 
A3** = » A3. Suppos e tha t /(II ) ^  X . The n i n th e cas e /(II ) n  / ( I I " ) ^  0 

we have tha t 

x = /(nun-) = /(n)n/(n-)#x 
in vie w o f A2 an d A3** . Consequently , /(II ) n  / ( I I" ) =  0 . 

The next two axioms partially concern Pareto optimality and partially concer n 
the concep t o f independenc e o f alternatives . W e us e th e notation : a  >u  b  o 
a >j  b  VXj G  II an d 3X r G  II suc h tha t a  > r b. 

Suppose tha t X'  C  X, an d le t XJ - be the restriction s o f the ordering s Xj  G  II. 
It i s convenient t o denot e th e collectio n II ' =  {X( , . . . ,X' n} b y (II , X'). 

A4. I f there exist s a n x  suc h tha t x  >zu  y, the n /(II ) =  / ( I I , X \  {y}). 
A5. I f x  > m y  for  al l x , the n /(II ) =  /(II , X \  {?/}) . 
Each orderin g X j ca n b e represente d b y th e quotien t se t X/~j—  {Zyi,... , 

( j m . } , 1  < m ^ <  ra  wher e x  € Iji,  y  G  /y/c, z  > A : < ^ x >- ^ y . W e associat e wit h 
each ( ^ th e numbe r ay * — &{ljt)i  wher e th e number s OLj t satisfy : 

ctjt =  a r t H - /?>, £  G {z, . . ., m^}, i f there exist s a  permutation / i 
such tha t Xj  =  hX r an d fy  i s any number . 
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We also need th e notatio n 

( \  I  ajU x G  ljU 

x £  Ijt-

It follow s fro m a  lemm a i n [5 ] tha t fo r an y positiv e intege r N  an d an y / 
satisfying A0-A 2 ther e exis t number s aj t satisfyin g no t onl y (1 ) bu t als o suc h 
that 

n ™>3  n  mj 

/(n) =  {x : ^^<*jt(x)=j^^^a jt{y) 
3=1t=l V  j=lt=l  W 

for al l I I = {Xi ,..., X n } suc h tha t n  <  N. 
Note tha t i n th e case  o f stric t ordering s w e get  th e pluralit y rul e b y settin g 

ctji =  1  and otj2  = •  • •  = aj mj =  0  for Xj  G  II i n (2) , an d w e ge t Borda' s rul e 
by settin g OL 3{ —m  —  im  (2) . 

LEMMA 2 . LetXi  be  a strict ordering.  If  f  satisfies  axioms  A0-A 2 and  Ab, 
then (2 ) 

# n —  ot\i  >  0 , 2  < i  <  mi =  TO, 

for any  N. 

PROOF. Suppos e tha t I I =  {Xi, ... , X n } , n  <  N,  X 2,... ,X n ar e indiffer -
ences, and In  =  {a}.  B y A0 and A5, f(H) =  {a} , and thi s implies the inequalit y 
to b e proved , sinc e /(II ) i s defined b y (2) . I t i s also obviou s tha t an  —  an >  0 
does no t depen d o n N. 

§3. Two axiomati c definition s 

THEOREM 1 . There  exists  a  unique  choice  rule  satisfying  Axioms  A0-A 2 
and A4; here  /(II ) is  defined  by  setting  ay i =  1  and  a 3i —  0 , 2  < i  <  m3 in  (2 ) 
for all  Xj Gi l . 

PROOF. Suppos e tha t fo r som e N  >  2  the numbers aj t i n (2 ) are known. Le t 
II be such tha t Xi  G  II i s a strict ordering , X 2 G  II i s an arbitrar y ordering , an d 
the Xk  G  II ar e indifference s fo r 2  < k  <  n <  N.  B y (1 ) an d (2) , we can le t 

a,! =  1  fo r al l Xj  G  II . (3 ) 

Moreover, suppos e tha t In  —  {a},/i2 =  {b},  b  G  /2 1 an d a  G  hi,  wher e i  G 
{2, . . . , T O2 } . Sinc e b  >:n x  fo r al l x  £  {a , 6}, i t follow s fro m A 4 an d A l tha t 
/(II) =  {a , 6}. Fro m this, and from (1 ) and (2) , we get that a n + a ^ i =  ^1 2 + ^21 
which togethe r wit h (3 ) give s us tha t 

a2z =  ai2 , f  G  { 2 , . . . , T O 2 } . (4 ) 

Note tha t th e las t equalit y doe s no t depen d o n N.  Therefore , b y Lemm a 2 
and relation s (3 ) an d (4) , i t follow s fro m th e arbitrarines s o f X 2 an d i  tha t fo r 
any I I 

i =  otji  >  a3i =  a , i  =  2 , . . . , rrij  fo r al l Xj  G  II. 

This an d (2 ) impl y tha t /  i s unique . Th e secon d par t o f th e assertio n follow s 
from th e fac t tha t a  ca n b e arbitrar y i f only a  <  1 . 
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THEOREM 2 . There  exists  a  unique  choice  rule  satisfying  axioms  A0-A 3 and 

A5; further,  f(U)  is  determined  by  setting  aji  =  rrij  —  i , 1  <  i  <  m 3, in  (2 ) for 

allXj G i l . 

PROOF. Suppos e tha t I I =  {X UX2} an d 

X\ =  a>  b>  x\  >  -  -  -  > x m , 

X2 =  hi  >  -  •  -  >- hi-i  >  hi>  -  •  > hm 2i 

where b  G hi-i  an d a  G  hi-

Let th e number s otj t determinin g f(U)  accordin g t o (2 ) /  o r T V > 2  correspon d 

to th e equivalenc e classe s lj t. I n vie w o f (1 ) th e number s otjt  d o no t chang e i f 

we se t {X^-H , •  •  • 5  xm} =  {JT=i  hj \  {«} • Denot e b y X[  an d X 2 th e ordering s 

X[ =  a  > - b >• xi  >  •  -  -  > x v, X 2 =  hi  > - •  • •  >- hi-i  >•  a. 

In vie w o f A 5 th e number s a[j  determinin g f{{X' s,X't}) accordin g t o (2 ) ca n b e 

assumed equa l t o otij.  Le t 

^ 3 =  X 2~ —  a  > - hi—i  ̂ " •  • •  ̂ * /2i-

By A 3 an d Lemm a 1 , w e hav e tha t f({X' 2,X'3}) —  X' =  {a , 6, x i , . .. ,x v}, i.e. , 

by (2) , 

Qf2i-1 -  #2 1 =  «3 i -  »32 - (5 ) 

Let X 4 b e obtaine d fro m X 3 b y transposin g th e alternative s a  an d 6 , i.e. , 

X4 —  b > hi-i  >~  '  •' > ~ hi, 

where l f
2i_1 =  {hi-i  \  {b})  U  {a}. Sinc e f({X 3,X

f
4}) contain s th e alternative s a 

and b  by virtu e o f A5 , i t follow s fro m (2 ) tha t 

«31 ~  »3 2 =  CK4 1 -  #42 - (6 ) 

But agai n b y virtu e o f A5 , {a,b}  c  / ( { X ^ X ^ } ) . Consequently , 

a n -  #1 2 =  «4 i -  #42 - (7 ) 

Comparing (5)-(7) , w e ge t tha t 

#11 -  #1 2 =  e*2t- i -  #2z - (8 ) 

Note tha t (8 ) doe s no t depen d o n th e numbe r Xj  i n II , an d thereb y no t o n th e 

N i n (2) . Therefore , i t follow s fro m Lemm a 2  and (8 ) i n vie w o f th e arbitrarines s 

of Xj  an d i  tha t fo r an y I I 

OLji-i —  Oiji = a  >  0 , V z G { 2 , . . . , m 3}, VXj  G  II . 

This an d (2 ) giv e u s tha t /  i s unique . Th e secon d par t follow s fro m th e fac t tha t 

in (2 ) w e ca n se t otj\  =  m 3• —  1 and a  =  1 . 

§4. S o m e c o m p a r i s o n s w i t h P L a n d B R 

It i s eas y t o verif y th e followin g tw o assertions . 

COROLLARY 1 . Suppose  that  f  is  defined  for  all  I I consisting  of  strict  or-

derings. Then  an  f  satisfying  A0-A 2 and  A 4 is  the  plurality  rule. 
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COROLLARY 2 . Suppose  that  f  is  defined  for  all  U consisting  of  strict  or-
derings. Then  an  f  satisfying  A0-A 3 and  A5 is  Borda's  rule. 

Note tha t i n th e genera l cas e B R an d th e rul e determine d b y Theore m 2  do 
not coincide . Thi s follow s fro m a n example . 

EXAMPLE. Le t n  =  {Xi ,X 2}, wit h 

X1=a>b>od, 

X2=dyb~c^a. 

According t o th e rul e define d b y Theore m 2 , w e hav e tha t a n =  3 , a  12 = 
2, a 1 3 =  1 , a i 4 =  0 , a 2 i =  2 , a 22 =  1 , and a 23 =  0 . B y (2) , f(U)  =  {a , 6}. 

According t o BR , w e hav e tha t f3u  =  an,  i  =  1,2,3,4 , #2 1 =  3 , /? 22 = 
3/2, #2 3 = 0 , an d b y B R 

f(U) =  J  x:  Y^(3 Jl(x)=max^(33l(y) =  7/ 2 1  =  {b}. 
( ji  ji  ) 

We make th e follwin g remark . Suppos e tha t /  i s define d fo r I I consistin g o f 
Xj suc h tha t rrij  = 2  or X y i s an indifferenc e (se e §2) . The n suc h Xj,  or , mor e 
precisely, th e set s lj\  C  X, ca n b e interprete d a s a  ballo t (se e [1]) . I n th e sam e 
place axiom s A0-A2 an d on e more axio m ar e use d t o defin e a  rule accordin g t o 
which /(II ) contain s th e alternative s occurrin g th e greates t numbe r o f time s i n 
the Iji.  Bu t fo r I I consistin g o f Xj o f the indicate d typ e thi s rul e coincide s bot h 
with th e rul e define d b y Theore m 1  (axioms A0-A 2 an d A4 ) an d wit h th e rul e 
defined b y Theore m 2  (axioms A0-A 3 an d A5) . 

§5. Som e remark s o n axiom s an d rule s 

Since th e rule s define d b y Theorem s 1  and 2  ar e fairl y clos e t o P L an d B R 
(the rule characterized b y Theorem 1  is a simple generalization o f PL), for whic h 
axiomatic definition s wer e know n before , i t seem s appropriat e t o mak e som e 
remarks o f a  bibliographica l nature . 

Axioms A0 and Al ar e fairly transparent . Therefore , i t i s difficult t o say when 
they wer e first  use d t o defin e choic e rule s an d b y whom . 

Axiom A2 surely appeared first  in Smith's paper [8 ] and almost simultaneousl y 
in Young' s pape r [10] . 

Axiom A 3 wa s apparentl y first  discusse d b y Gardenfor s i n [3] . A s fa r a s I 
know, i t ha s no t bee n use d b y anyon e t o defin e grou p choic e rules . 

Axiom A 4 was discussed [4 ] for decision-makin g problem s wit h uncetainty . I t 
may first  hav e appeare d i n [2 ] for characterizin g grou p choic e rules . 

Axiom A 5 i s a  greatl y weakene d modificatio n o f axiom A4 . 
The pluralit y rul e (Theore m 1 ) wa s first  characterize d i n [7 ] onl y fo r stric t 

orderings (Corollar y 1) . W e remar k tha t there , i n additio n t o axiom s A0-A 2 
and A4 , th e autho r als o use s (unnecessarily ) th e Archimedea n axio m (see , fo r 
example, [8]) . 



154 ALGIS MORKELIUNA S 

The rul e characterize d b y Theore m 2 , as well a s Borda's rule , was apparentl y 
first define d axiomaticall y i n [6] . True , i t i s require d ther e tha t /  b e a  grou p 
ordering rule . Th e axiomati c characterizatio n i n [6 ] differ s fro m th e presen t 
change in the separability axio m (A2 ) by certain condition s on the independenc e 
of the alternatives . 

Borda's rul e wa s first  define d wit h th e hel p o f the separabilit y axio m i n [10] . 
Unfortunately, th e conditions characterizing the rule there include one that seem s 
specially chose n just fo r BR . 

The axiomatizatio n o f the rul e i n [1] , which ca n b e define d b y axiom s A0-A 2 
and A 4 or A0-A3 an d anothe r varian t o f A5, also suffers fro m th e specializatio n 
of one o f the conditions . 
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