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PQ-Tree Algorithms 

Kellogg S. Booth 

Abstract 

A new data structure called a PQ-tree is introduced. PQ-trees can be 

used to implement linear-time algorithms which test a graph for either 

the property of being an interval graph or the property of being a 

planar graph. The interval graph test is based on a theorem of 

Fulkerson and Gross which defines the consecutive ones property for 

matrices. The planarity test implements an algorithm of Lempel. Even. 

and Cederbaum. Using the techniques developed here, both tests can be 

performed in a number of steps which is proportional to the size of the 

graph being tested. 

A representation of Pa-trees as formulas is provided by the class of 

PQ-formulas. It is shown that PQ-formulas form a lattice under two 

fairly natural operations, both related to the idea of grouping various 

parts of a formula into consecutive substrings. A special case of the 

lattice meet operation is called reduction. Reduc t i on is used when 

testing a matrix for the consecutive ones property. It is also used to 

arrange the vertices of a planar graph. A linear-time algorithm for 

reduction is given which makes use of the PQ-tree data structure. The 

basic reduction algorithm is then extended, using a linear-time test for 

graph chordality, to an algorithm for testing interval graphs. 

Properties related to the consecutive ones property and to interval 

graphs are examined. Some have linear-time algorithms, but others are 

shown to be NP-complete problems. Various practical applications are 

suggested, including efficient storage techniques for Gaussian 

elimination and information retrieval. 
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The co1 lect ion of underlying arrangements for the 

equivalence class of p. 

The lattice of all PQ-formulas over the alphabet E. 

The family of normal sets for the equivalence class of v. 

A PQ-tree. 

The pruned pertinent subtree of 3 with respect to the set S. 
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Using a new data structure called PQ-trees, two existing algorithms have 

been improved to run in linear time. Fulkerson and Gross devised an 

O(n3) test to recognize interval graphs[Full] and Lempel. Even, and 

Cederbaum used an O(n2) procedure to test graph planarity[Leml]. Both 

of these algorithms reduce to the problem of placing objects from a set 

into a 1 inear arrangement, subject to the constraint that certain 

subsets of the objects be consecutive. PQ-trees are an efficient way to 

represent the classes of linear arrangements which can arise under these 

circumstances. 

Using the techniques developed here the interval graph test can be 

implemented so as to run in O(n+e) steps, for graphs with n vertices and 

e edges, while the planarity test requires only O(n) steps. Graph 

planarity has been treated extensively in the literature. Interval 

graphs are less frequently studied, but a number of applications related 

to Gaussian elimination[Rosl-21, information retrieval systems[Ghol-41. 

archeology[Kenl-21, psychology[Robl-31, genetics[Benl-21, ecology[Cohl], 

and the study of traffic lights[Stol] have appeared in the literature. 

Many of these are mentioned in the text. All are referenced in the 

bibliography. 
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PQ-trees were invented to test matrices for the consecutive ones 

pi-operty . The consecutive ones property was itself invented as an aid 

in testing for interval graphs, and is part of the Fulkerson-Gross 

interval graph algorithm[Full]. PQ-trees were recognized as a general 

data structuring technique when the consqcutive ones test was posed as a 

problem of formula manipulation. This approach had already been used by 

Lempel. Even, and Cederbaum in testing for graph planarity[Leml]. It 

happens that the class of formulas is identical for the two problems! 

This is a bit remarkable since the questions do not superficially appear 

to have much in common. 

The unifying theme is the search, given a set. for ail of the linear 

arrangements in which various subsets of that set are consecutive. This 

is a question of interest in its own right. Numerous formulations, all 

equivalent, have appeared in the literature. These include the 

consecutive ones property for matrices[Full], the consecutive retrieval 

property for information systems[Ghol-41, sequence dating in 

archeology[Kenl-21, representing sets by intervals[Esw2], and the 

intervalization of parsing tables[Jenl]. This thesis reports on a 

formalism for discussing all of these problems and on linear-time 

algorithms for solving them. The basic algorithms are then used to 

build linear-time recognition tests for both planar and interval graphs. 

The first chapter is a development of the mathematical theory of 

PQ-formulas. They represent a formalism for describing the ways in 

which objects are grouped consecutively within linear arrangements. It 

is shown that PQ-formulas form an algebraic lattice and an algorithm is 

presented for reducing formulas with respect to a set. The operation of 

reduction is the mechanism by which objects are forced to remain 

consecutive within an arrangement. 

The second chapter presents PQ-trees. a data structure for representing 

PQ-formulas. Efficient methods are developed for manipulating PQ-tree? 

and the operation of reduction is extended to PQ-trees. An algorithm is 

exhibited which will perform a sequence of reductions on a tree in a 

number of steps which is linear in the size of the tree plus the sum of 

the sizes of the sets. The existence of this algorithm is the building 

block for most of the material in later chapters. 
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Planarity is the topic of the third chapter. The reduction algorithm is 

extended to a planarity test. This results in an O(n) version of the 

method used by Lempe 1 , Even, and Cederbaum[Leml]. The new 

implementation compares favorably with the linear algorithm of Hopcroft 

and Tarjan[Hopl]. 

Chapter 4 is devoted to the consecutive ones property and its variants, 

the circular ones property[Rysl], the circularly compatibles ones 

property, and the quasi-circular ones property[Tuc2-31. Using the 

reduction algorithm. linear-time solutions are produced for all but the 

last of these. It is conjectured here that this final problem is 

NP-complete[Ahol, Garl. Karl-21. 

A number of generalizations for the consecutive ones property are all 

shown to be NP-complete. Exact algorithms would be useful in the 

applications to informat ion retrieval, sequence dating, or 

intervalization. but NP-completeness implies that practical solution 

methods should probably be based on heuristic techniques, unless specia: 

properties of the data can be used to obtain efficient solutions. 

Chapter 5 contains a discussion of graph models for families of sets. 

The consecutive ones property was first defined for the purpose of 

testing for interval graphs, a proper subclass of the chordal 

graphs[Lekl]. Utilizing an O(n+e) test for chordality, the reduction 

algorithm can be used as a 1 inear-time test for interval graphs. Both 

chordal and interval graphs are examples of intersection graphs for 

appropriate families of sets. Restricting the intersection models to be 

specific types of families yields different classes of graphs. 

A review of of these classes is provided, including new proofs for some 

old theorems. The four-class hierarchy which begins with interval 

graphs and culminates in the chordal graphs is of particular interest 

because a by-product of the O(n+e) interval graph recognition algorithm 

is a linear-time isomorphism test for interval graphs[Bthl]. The 

corresponding test for chordal graphs would be extremely useful because 

it has been shown that isomorphism for chordal graphs is equivalent to 

the isomorphism question for arbitrary graphs[Bthl]. 
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Intersection models are also of interest to numerical analysis : if 

graphs are viewed as matr ices. the classes are a way of categorizing 

matrices according to their sparseness. The recognition algorithms can 

be applied to the zero / nonzero structure of sparse, syrnsetric. 

positive definite matrices to find efficient storage schemes for 

Gaussian elimination[Rosl-21. 

The bibliography contains an annotated list of all of the references. 

An effort has been made to trace the historical development of the 

various concepts discussed in this thesis. It is hoped that this will 

serve as a convenient guide for further research into the many problems 

left unanswered here. 
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This chapter introduces PQ-formulas. a formalism for describing certain 

linear arrangements for a set of objects. Equivalence transformations 

which induce a partitioning of PQ-formulas into equivalence classes are 

used to relate PQ-formulas both to strings and to sets. The notion of 

reducing a formula with respect to a set is defined and then generalized 

to a pair of operations, meet and join, under which the equivalence 

classes have the algebraic structure of a lattice. A prel iminary 

algorithm for reducing formulas completes the material in this chapter; 

an efficient implementation is deferred until the next chapter where 

data structures for PQ-formulas are examined. 

I Formulas 

Before describing the techniques which have been developed it is 

necessary to present some definitions. The notation has been chosen to 

conform closely with the ideas in [Leml]. although some simplifications 

have been made. Let II = laf,*.*.a,j be any set of s or 

m. Atoms need have no properties other than that they be mutually 

distinguishable. A class of formulas can be defined which has the atoms 

as basic symbols. Each application interprets the formulas differently, 

so only structural properties will be analyzed in this chapter. 

5 
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The following rules define the class of PQ-formulas over an alphabet X. 

An equivalent definition could be made using BNF notation since the 

formulas form a context-free language over the terminal symbo 1 s 

1 ” (LM-*I). This is left as an exercise. 

PQ-Formul as 

[l] Each atom a E 1 is an v. 

[2] The m (v,. “‘pk) is a B whose m are the 

PQ-formulas (P~.***.v~. 

[3] The v____yc concatenate [~~...‘pk] is a B whose Bs are 

the PQ-formulas (pI....,pk. 

[4] A m over t is any elementary formula, P-formula, or 

Q-formula built up by the recursive use of these rules. 

The usual notion of a subformula exists. Any substring of a PQ-formula 

v which also satisfies the definition of a PQ-formula is called a 

subformula of cp. Every PQ-formula is a subformula of itself. Products 

and concatenates are called m formulas; their factors or 

components are collectively referred to as constituents. --UW-YWCCC- In both of the 

applications which follow, it turns out that there is no need to 

distinguish between the product of two constituents and their 

concatenate. It is convenient to eliminate this redundancy and to also 

rule out any extraneous nesting of brackets. A product is regarded as 

m only if it has at least two factors. A concatenate is m 

only if it has 

further, the ent 

concatenate with 

considered here. 

at least 

ire formula 

in it is 

three components. Extending this notion 

is regarded as w when every product and 

proper. Only proper formulas wi 11 be 



1 F ormulas 7 

ExamDle 1.1: 

Suppose that the alphabet is given as the set 

t = la,b.c.d,e.f,g.h.i,j,kj. 

The following are proper formulas. The last one will be used as 

an illustration throughout the chapter. 

(abcdefghi jk) 

a 

(((ab)c)d) 

((abc)(abc)(abc)d) 

[(abcd)(efgh)(ijk)l 

(aaaaaaaaaaaaaa) 

[[~abcl[defl[ghilljkl 

(abcCd(ef>[(sh>i(jk>ll) 

These are improper formulas. 

(a> 
[(abcdef)(ghi jk)] 

([ababababa]) 

CabI 
(((((((abc))!))) 

((a)bbl) 

These are not formulas at all. 

abcdefghijk 

((ab)Ccdell 

ab( )dec 

(((((0))))) 

(ab)[cdel 

Cdc(bl) 

Constituents are grouped by brackets much as operands within arithmetic 

expressions are grouped by parentheses. The definitions for PQ-formulas 

do nothing more than specify the legal ways in which brackets can be 

interspersed with atoms. The bracketing is very important and carries 

much, if not all, of the formula’s meaning. The analogy with arithmetic 

expressions can be continued in this respect. 
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The associative nature of arithmetic allows more than two operands to be 

considered without specifying whether operations are performed 

left-to-right or right-to-left. When the operations are cormnutative, 

the operands can even be permuted. An expression will frequently have a 

number of equivalent forms because it is legal to rearrange the operands 

within a pair of parentheses. 

There are usually a number of ways to write a PQ-formula, too. The 

rules are different than those for arithmetic expressions, however, 

because the interpretation of PQ-formulas is different. A product is 

both “associative” and “commutative.” but a concatenate is only 

“associative.” Within a compound formula the constituents can sometimes 

be reordered without changing the formula’s meaning. Which reorderings 

are allowed depends upon the type of the formula. 

Equivalence Transformations 

[I] A P-formula (cpla ..vk) can be replaced by any w 

(cp n(l) “%(k)) of its factors. 

[Z] A Q-formula [(pI***6pk] can be replaced by the unique reversal 

h ..*(pr] of its components. 

Two formulas p and 3 are said to be m if there exists a 

sequence of permutations and reversals which transform v into 3. These 

transformations define an equivalence relation which partitions the 

PQ-formulas into mciasses. It is these classes which turn 

out to be of interest. The classes correspond in a very natural way to 

sets of orderings for Z. 
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The following formulas are all equivalent. They constitute an 

entire equivalence class. 

Both of the formulas below are also in a cormron equivalence class, 

along with 766 other formulas. 

An e of Z is any 1 inear ordering of the elements of X. The 

set of all arrangements for L is the same as the set of permutations on 

1, so the two terms are interchangeable. (This use of the word 

permutation should not be confused, however, with the permutation of a 

P-formula.) It is again convenient to restrict the type of formula to 

fit the applications; the permutations which will be useful are those on 

sets, not those on multisets. Attention will be focused on formulas in 

which each atom occurs exactly once. This means that each formula is 

merely a bracketed arrangement of I. an interpretation which will be 

convenient later. 

Counting the number of formulas in an equivalence class is easy under 

these restrictions. Suppose that (p is a proper NJ-formula. Let 

P = the number of subformulas of (p which are products, 

and 

9 = the number of subformulas of cp which are concatenates. 
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Note that w itself is included in either p or q. since it is a 

subformula of itself and must also be counted. The internal structure 

of the concatenates doesn’t affect anything, but something has to be 

known about the products. Let 

fi = the number of factors in the ith product. 

where the indexing of the products is completely arbitrary. There is a 

simple expression for the size of a class. 

Lemna 1.3: 

The number of distinct PQ-formulas equivalent to a formula w is 

exactly 

P 

n(cp) = 29 -n(f,!) 

i=l 

Proof: 

The proof is an easy induction on the number of atoms in a 

formula. More precisely, it is an induction on the number of 

atoms in F, the alphabet over which formulas are defined. 

AssertioE 

The above expression correctly computes the number of formulas in 

the equivalence class of ~0 when v is a proper PQ-formula over the 

alphabet 1 = {aI,-*-,a,]. 

Basis- d 

When m = 1 every formula is just a single letter and only one 

arrangement is possible. There are no compound subformulas, so 

both p and q are zero. The expression evaluates to one, which is 

the correct value in this case. 

Induction: 

Let m > 1. If (p is a formula over 1 then each of the subformulas 

of v occurs exactly once in (0. Each such occurrence is within 



1 F ormulas 11 

some constituent. The assignment of subformulas to constituents 

is not affected by an equivalence transformation. The 

left-to-right arrangement of constituents within 9 is thus 

independent of the the left-to-right arrangements in which atoms 

appear within constituents. The lemma then follows from the 

induction hypothesis by noticing that the number of equivalent 

forms for each of the p products and q concatenates, except for 9 

itself, is already known to be counted correctly. The rest is 

easy. 

Every formula within the equivalence class of 9 can be constructed 

by first arranging the immediate constituents of 9 and then 

arranging all of the subformulas within each constituent. The 

previous argument shows that these two steps are independent. If 

9 is a product, without loss of generality assume that it is the 

first one. The total number of equivalent formulas is then 

f 1 

n(9) = (fl!) *nn(9j) 

j=l 

where the (pj are the factors of 9. If 9 is a concatenate the 

number of equivalent formulas is 

49) = 2 ' fin(ojl 

j=l 

where the ‘pj are the components of 9 and g is the number of 

components. In either case, product or concatenate, the result is 

merely a rearrangement of the numeric factors of the expression 

which was asserted to be correct. 

QED 

The preceding proof implicitly uses the fact that equivalence classes 

are nothing more than sets of bracketed arrangements. It is very 

convenient to be able to talk about equivalence classes in this manner. 
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Removing the brackets from a formula leaves a permutation of 1. This is 

the under for the formula. The s 

e for an under1 in equivalence class consists of al 1 

underlying arrangements for formulas in the class, and is written asdo. 

Frequently this will simply be called the collection of underlying 

arrangements for 9. the equivalence class being understood. 

It will sometimes be convenient to refer to the empty collection of 

arrangements. The symbol 0 stands for the null m. The null 

formula has no underlying arrangements. Its counterpart is the 

universal formula which is (al---am) or any of its permutations. They 

are collectively abbreviated by the symbol 1. The underlying 

arrangements for the class include every possible ordering of Z. Thus 

and 

J, = 4 

Al = { n 1 71 is a permutation on 1 
> 

. 

The next lemma shows that the characterization of an equivalence class 

by its underlying arrangements is exact. The arrangements determine the 

formulas uniquely. 

Lemma 1.4: 

Two formulas 9 and 3 are equivalent iff 1,=1*. 

Proof =>: 

Assume that 9 is equivalent to 1/1. The result is trivial since the 

equivalence classes have exactly the same formulas and thus the 

same set of underlying arrangements. 

Proof =: 

Assume that d,= J$. The conclusion follows from an induction on 

the number of atoms in the alphabet ;I: = jar,-**,a,]. 
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Assertion: 

If 9 and 1// each have m atoms andJB, =A$, then 9 is equivalent to 

1//. 

Basis- A 

Let m = 1. There is only one PQ-formula! 

Induction: 

Let m > 1. Consider any two formulas 9 and $ each with m atoms. 

Both are necessarily compound so assume that 

Each formula is proper, hence r and s are each at least two. 

Claim 1: 

The two formulas have the same number of constituents: r = s. 

Proof of claim 1: 

Pick any constituent 9p of 9. Its atoms must al 1 appear somewhere 

in 3. More importantly, they must be consecutive in @ because 

they are consecutive in every under lying arrangement of 9’s 

equivalence class and 1,=J*. Suppose they are in more than one 

constituent of $. The constituents must be consecutive in 3. 

If any one of these constituents is not composed entirely of atoms 

from 9p then two adjacent constituents can be found, say 3, and 

@q+l* such that one is not composed entirely of atoms in (pp. But 

an equivalence transformation for 1// exists which simultaneously 

reverses the order of the atoms within 3, and the atoms within 

3 q+l ’ resulting in an underlying arrangement for 3 in which the 

atoms of ‘pp are not consecutive. As noted before, this is a 

contradiction since the atoms are consecutive in every arrangement 

of 9’s class and by assumption must also be consecutive in every 

arrangement of *‘s class. 
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The first step toward verifying the claim has been completed. No 

two constituents of 3 can contain atoms from 9* unless each 

constituent is entirely composed of atoms from 9*. In other 

words, each constituent of 9 must either consist of atoms which 

are the exact union of the atoms in some set of the constituents 

of+ or else all of its atoms must be contained within a single 

constituent of $. Suppose that the atoms of 9P are in more than 

one constituent of 3. There is at least one atom of 9 not in 9P 

because r L 2. This atom does not occur in any constituent of 3 

in which atoms of (op occur. It follows that 3 is a concatenate 

since otherwise a permutation of its constituents could be made 

which would cause the atom not in 9,, to occur between two atoms 

belonging to ‘pp. 

But now, if the atoms of 9* are in a concatenation of components 

of 3, given two components of II/. an atom which is not in 9P always 

occurs in 3 closer to the atoms in one component than to those in 

the other and the closer component is always the same. This leads 

to a contradiction. Look at two atoms of 9pp which occur in 

distinct components of 1(/. An atom not in 9P is always closer, in 

?//. to one than the other. This isn’t true in 9 since the entire 

constituent (pP can be reversed, causing outside atoms to be closer 

to either of two specified atoms within 9*. 

This establishes the claim that r = s since the atoms of a single 

cpP are completely contained within some 3, and, by a synxaetric 

argument, each 3, is completely contained within some 
9P. 

Moreover, this also shows that there is a l-l correspondence 

between the respective constituents such that paired constituents 

have exactly the same atoms. 0 

Claim 2: 

The pairing between constituents of 9 and 3 is an equivalence 

mapping. 

Proof of claim 2: 

It is easy to see that by restricting attention to just the atoms 

in a particular constituent the same arrangements will be obtained 



1 F ormulas 15 

in either 9 or 3. The induction hypothesis then applies and 

guarantees that corresponding constituents are equivalent. 17 

Claim 3: 

9 and @ are either both products or both concatenates. 

Proof of claim 3: 

The proof is completed by noticing that if r = 2 both formulas 

must be products because they are proper and if r > 2 and one were 

a product and the other a concatenate it would be possible to find 

three atoms x, y. and z from different constituents which always 

occur as x-y-z or z-y-x in the concatenate but occur as x-z-y in 

some permutation of the product. Once again this contradicts the 

assumption that JBc= +. 0 

The two formulas are thus either both products or both 

concatenates and they have equivalent constituents. It follows 

that 9 and 9 are equivalent. 

The key property used in the last proof is the way in which atoms appear 

together in adjacent groups. PQ-formulas are useful for precisely this 

reason. A subset ScIT is m in an arrangement of 1 if al 1 the 

atoms of S form a consecutive subsequence in the arrangement. 

Specifically, no two atoms in S are separated by an atom not in S. The 

definition is easily extended to cover formulas. S is m in a 

formula 9 if it is normalized in the underlying arrangement. An even 

stronger condition can be obtained by examining the entire equivalence 

class. S is an0 at. for the formula 9 if it is normalized in every 

member of the equivalence class of 9. 

Let.YVbe the family sets for 9. By definition these are 

exactly the sets which are consecutive in every formula of the 

equivalence class. Every set is considered normal for 0, the null 

formula, because there are no arrangements in which the sets must be 

normalized. The universal formula, with all of its freedom to 

rearrange, has hardly any normal sets - just I: and its singletons. 
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and 

The goal of this chapter is to characterize those formulas in which a 

given set is normalized. This requires a few more preliminaries. A 

formula equivalent to 9 in which S is normalized is called an 

B of 9. Formulas having S-normalizations are said to be 

$Jy&z&&. The choice of the term reducible may seem a bit confusing. 

It is used instead of normalizable for reasons which will become clear 

after more of the properties of PQ-formulas have been investigated. 

Testing reducibility will require examining the structure of a formula 

as it relates to the set S. To do this, it is convenient to have a way 

of classifying various parts of a formula. 

An atom in 9 is a to S if it is a member of S: a product or 

concatenate is considered m exactly when it contains one or more 

pertinent atoms. e of 9, with respect to S, is 

the shortest subformula which contains all of S. It is unique and is 

denoted by 9s. Notice that not every subformula of 9s is pertinent. 

This will be a matter of concern when constructing efficient algorithms 

for handling formulas. 

Example 1.5: 

Consider one of the formulas from example 1.1. 

If the set in question is chosen to be 

S = le.i.j,k] 

then the pertinent subformula is 
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The pertinent atoms are e. i. j. and k: the nonpertinent atoms are 

a. b, c, d, f. g. and h. All of the other subformulas are 

pertinent except for (gh). This last subformula is an example in 

which a subformula of the pertinent subformula is not pertinent. 

As the name suggests, the pertinent subformula is the important part of 

9 when dealing with S. Whether 9 is S-reducible depends only upon the 

structure of the pertinent subformula. Intuitively, parts of the 

formula in which a set does not occur cannot affect the consecutiveness 

of its atoms. This is the next lenzna. 

Lema 1.6: 

A formula 9 is S-reducible iff 9s is S-reducible. 

Proof =>: 

If 9 is S-reducible it has an S-normalization 9’. The subformula 

of 9’ corresponding to 9s will be S-normalized in 9’ since any 

subformula of an S-normalized formula is automatically 

S-normalized. This is an S-normalization of 9s. hence 9s is 

S-reducible. 

Proof <=: 

If 9s is S-reducible apply the equivalence transformations which 

S-normalize ‘ps to all of 9. S occurs only in 9, so 9 is also 

normalized. This implies that 9 is S-reducible. 

II Reduction 

Testing a formula for reducibility can be accomplished by assigning 

labels to subformulas. The classif ication into pertinent and 

nonpertinent is not sufficient for this task. A finer distinction is 
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required. A subformula may receive one of four labels: &, &ill. 

fin 1 m. or s. It may also remain unlabeled. The 

choice depends upon how many of its atoms are pertinent and the way they 

are distributed among constituents. The idea behind the labeling is to 

keep track of the freedom available for rearranging constituents within 

subformulas. Clearly all of the pertinent atoms have to be arranged 

consecutively, so keeping track of where they occur is a good strategy. 

The labels perform this bookkeeping. 

No atom of an empty subformula is pertinent. Every atom of a full 

subformula is pertinent. Neither of these need be treated any 

differently than the way a single atom is handled. All the 

complications arise when some atoms are pertinent and some are not. A 

singly partial subformula is one to which pertinent atoms can be 

attached on only one end, the other end being unavailable. Doubly 

partial subformulas cannot be built upon at all. Both ends are 

unavailable. At a general step. having arranged some of the atoms, it 

will be possible to add pertinent atoms to both ends of the arrangement, 

to only one end, or to neither end. T’nis is the point of the labels. 

Exact definitions for the terms are provided by step 3 of the next 

algorithm. 

The algorithm assigns labels to the subformulas until it eventually 

labels (ps, if it is S-reducible. The order in which subformulas are 

processed is governed entirely by the way they are placed on a labeling 

queue. Among other things, this guarantees that the subsubformulas of a 

subformula have been processed by the time the subformula itself is 

processed. Note that this algorithm does not actually perform the 

rearrangement. It only checks a formula 9 to see if it can be 

S-normalized. 

Normalization 

[l] Assume that every subformula of 9 is initially unlabeled and 

that the queue is empty. Place each atom on the queue to be 

labeled. Any order is acceptable at this point. 

[Z] Remove the formula @ at the head of the queue. It is the next 



1 F ormulas 19 

candidate for labeling. 

[3] Label 3 choosing the first applicable case below. Note that the 

order in which alternatives are considered & important. If 

none of these cases apply, halt with the answer “irreducible.” 

Case I: 

3 = a. an atom. There are two subcases to handle. 

a) If a $! S label 3 empty. 

b) If a E S label + full. 

2: Case 

3 = (?j/r.--&), a product. This time there are four subcases. 

a) If all factors are empty label 3 empty. 

b) If all factors are full label 3 full. 

c) If at most one factor is singly partial, all others empty or 

full, label 3 singly partial. 

d) If at most two factors are singly partial, all others empty 

or full, label 3 doubly partial. 

Case 3: 

3 = [@r--+k], a concatenate. There are again four subcases. 

a) If all components are empty label @ empty. 

b) If all components are full label @ full. 

c) If at most one component is singly partial label 1// singly 

partial, all other components empty or full. Do this only if 

all full components occur first (or last) and the partial 

component (if present) separates the full components from the 

empty ones. 

d) If at most two components are singly partial label 3 doubly 

partial, all other components empty or full. Do this only if 

all full components occur together and the partial components 

(if present) separate the full components from the empty 

ones, one on each side of the full components. 

[4] If 11, was the last constituent without a label in some formula 

within (ps, append the enclosing formula to the tail of the 

queue. 

[5] Go back to step 2 if the queue is not empty, otherwise halt with 

the answer “reducible.” 
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This first algorithm will be the basis for much of what follows. The 

scheme used to categorize subformulas will be repeated again and will 

govern the transformations applied to formulas. The astute reader may 

we1 1 quest ion whether these steps provide an efficient test for 

S-reducibility as they are stated here. They do not. This will be 

attended to in due time. The goal at this point is to explain the basic 

mechanism by wh-ieh formulas are analyzed. Subsequent versions will use 

more selective queueing criteria to eliminate unnecessary work, but the 

underlying inside-out organization will remain. 

Example 1.7: 

Using the same formula as Example 1.5, let the set again be 

S = {e,i.j,kj. 

The labels generated by the algorithm are the following. 

. . . . . .(gf). . . . . . . . . . . . . Singly partial 

. . . . . . . . . . .(gh). . . . . . . . Empty 

. . ..*...........(&)... Full 

. . . . . . . . ..[(gh)i(]k)~.. Singly partial 

... .[d(ef)[(gh)i(ik)]]. Doubly partial 

(abc[d(ef)[(gh)lfA~ll) Unlabeled 

The formula itself does not receive a label because one of its 

constituents (9s) is doubly partial. The algorithm answers 

“reducible,” however, because bps receives a label. 

The overall flow of the algorithm is quite simple. Beginning with the 

atoms, each subformula is processed using the results already obtained 

for its constituents. This continues until all of 9s has been labeled 

or unti 1 some part cannot be processed. In either case the queue 

eventually empties and the algorithm terminates. In general, the 

queueing process does not label everything in a formula. If 9 cannot be 
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S-normalized at least one of the subfcrmulas of cps will not be labe 

This is an imnediate coral lary of the next lemma and is 

justification for calling the algorithm a test for S-normalization. 

Lenma 1.8: 

21 

led. 

the 

A formula 9 is S-reducible iff the normalization algorithm labels 

_Proof =>: 

The labeling of a subformula of 9 depends only on the labels of 

its constituents. It is invariant under an equivalence 

transformation. Thus it is sufficient to consider a single member 

for each equivalence class. Which member is arbitrary. so it pays 

to choose a convenient one. Since 9 is S-reducible, assume that 

it is S-normalized. An induction on the number of times step 2 is 

executed will establish that every subformula of cps is labeled by 

the algorithm and hence (Do itself is eventually labeled. 

Assertion: 

Every subformula of 9s selected by step 2 during the first m 

iterations is labeled at step 3. 

Basis- A 

Let m = 0. The claim holds vacuously since no formulas have been 

selected. 

Induction: 

Let m > 0 and assume that the subformula 3 is selected during the 

mth iteration. Because of the way in which subformulas are placed 

on the queue every one of 3’s constituents must already have been 

selected as a candidate for labeling. The induction hypothesis 

guarantees that every constituent has received a label. There are 

a number of cases to consider for Ij/, corresponding to the 

different situations which can be encountered in step 3. 

Case 1: 
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@ is an atom. Every atom gets labeled by step 3 because the two 

subcases are exhaustive. It is either empty or full. 

Case 2: 

1// is a P-formula. If at most two factors are labeled singly 

partial (none being doubly partial) one of the four subcases 

occurs. Any other possibility contradicts the assumption that 9 

was S-normalized, since at least two pertinent atoms would be 

separated by a nonpertinent atom. 

Case 3: 

@ is a Q-formula. Again the assumed S-normalization of 9 rules 

out anything other than the four subcases recognized by the 

algorithm. 

Each subformula of (ps selected by step 2 is labeled at step 3. the 

immediately enclosing formula being appended to the queue if it is 

not outside of 9s. This insures that sooner or later 9s is also 

labeled. 

Proof <=a ---.---L 

Assume that the normalization algorithm labels ~0~. A similar 

induction on the number of times the loop is executed shows that 

there exists an equivalence transformat ion for 9 which 

S-normalizes 9s. By lemma 1.6 this is sufficient. 

Assertion: 

There is an equivalence transformation for 9 such that every 

subformula of cps selected during the first m iterations is 

S-normalized. 

Basis. A 
Let m = 0. The assertion is again vacuously true, no formulas 

having been selected. 

Induction: 
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Let m > 0 and assume that 11, is chosen at the mth iteration. If 3 

is not in cps there is nothing to prove. Otherwise, one of the 

cases of step 3 applies to 1// since it receives a label. A 

case-by-case analysis shows that the current transformation can be 

converted to one which also S-normalizes 3. 

Case 1: 

@is an atom and hence trivially S-normalized by any 

transformat ion. 

Case 2: 

@ is a P-formula. The cases in which it is empty or full are easy 

since 3 is already S-normalized. If 3 is singly partial permute 

the factors so that all of the empty factors occur before the full 

ones and the partial factor (if present) lies in between. This is 

an S-normalization of 3. 

The case of two partial factors is similar, except that the full 

factors are permuted so as to lie between the partial ones. The 

partial factors must be next to the full factors but can be 

reversed, any partial subformulas also being reversed. so that all 

of the pertinent atoms are consecutive. These are all equivalence 

transformations and will not affect the S-normalization of any 

previously considered subformula. 

Case 3: 

I/ is a Q-formula. Again the empty and full cases are already 

handled. It is easy to verify that except for its partial 

components 1/1 is already S-normalized. Just as in case 2 the 

partial components can be reversed, if necessary, to yield an 

equivalence transformation which is compatible with previous 

S-normalizations and which also S-normalizes @. 

This last lennna does more than just assert the validity of the labeling. 

It gives an explicit method for S-normalizing an S-reducible formula. 

Applying the permutations and reversals at the same time each subformula 



1 F ormulas 24 

is labeled produces an S-normalized version of 9 after 9s is labeled in 

step 3. Thus a set S can be made to occur consecutively in 9 using a 

simple set of rewriting rules and applying them inside-out as in the 

algorithm. This rearrangement is the point of normalization. Note 

carefully, however, the difference between an S-normalization of 9 and 

the case in which S is a normal set. In the former case, the 

consecutive arrangement is not permanent. The normalization can be 

undone. Forcing S to remain consecutive, no matter what equivalence 

transformation is applied, is the real goal. 

Example 1.9: 

Continuing example 1.7, the normalizing transformations are given 

below. 

. . . . . .(fg). . . . . . . . . . . . . Permuted factors 

, . . . . . . . . . .(gh). . . . . . . . No change 

. . . . . . . . . . . . . . . . (j&)... No change 

. . . . . . . . . . [(gh)a)].. No change 

. . ..[d(fe)r(ki)i(hg)]]. Reversed component 

(abc[d(fe)T(ki)i(hd33) Normalized 

In this example, there are a number of other admissible 

normalizations. Any permutation of a. b. c. and the outermost 

concatenate will work. There are also others. 

Lermna 1.8 shows that in an S-reducible formula 9 every subformula of (os 

must satisfy one of the cases of step 3. This classification into 

empty, full, and singly or doubly partial is very important and will be 

used in all subsequent versions of the algorithm. It is convenient to 

have a notation which describes the constituents of a formula $ in this 

context. Let the empty constituents be denoted by $~:.~.$~ and the 

full constituents by +~,.**,ll[. There can be at most two partial 

constituents, both singly partial, if the subformula is to receive a 

label. Let these be 9P and 9q. It turns out that these are unimportant 
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themselves, but their subconstituents are important. Denote them by 

l/lp.*-* .@i and 1Lq.*** .#j. 

Using all of these pieces it is possible to build a new formula, closely 

related to 9, in which S is normal . Once a set is normal in the 

formula, no equivalence transformation can force the atoms of S to be 

anything except consecutive. Building the new formula is accomplished 

by the next algorithm which is a modification of the normalization 

algorithm. It uses the labeling generated there to control the way in 

which subformulas are processed. Such a transformation is called 

reduction. 

Reduc t i on -- 

Cl] Let 9 be an S-normalized formula such that every subformula of 

9s has been labeled by the normalization algorithm [page 181. 

If 9 can’t be normalized, set 9 = 0. the null formula. and halt 

ismediately with the answer “irreducible.” Start with an empty 

queue. Place each atom on the queue to be reduced. 

[Z] Remove the formula 3 at the front of the queue. It is the next 

candidate for reduction. 

[S] Reduce 1c/, choosing the first applicable case below. As before, 

the order in which alternatives are considered & important. 

Case 1: 

3 is an atom. No changes ever have to be made. Leave it alone. 

Case 2: 

1(, is a P-formula. There are four subcases, one for each 

possible label from the normalization algorithm. 

a) Leave it alone if 3 is empty. It is already reduced. 

b) Leave it alone if 3 is full. This is reduced too. 

c) Replace 3 with the concatenate 

if+ is singly partial. (Throughout it is assumed that no 

improper subformulas are introduced. This can be 
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accomplished by removing extraneous brackets when they occur 

and by replacing concatenates of two components by their 

product.) Use the product 

instead for the special case in which 3 = ‘ps. 

d) Replace 3 with the product 

if 3 is doubly partial. 

Case 3: 

I++ is a Q-formula. 

a) Leave it alone if $ is empty. It’s already reduced. 

b) Leave it alone if 3 is full. This is reduced too. 

c) Replace 1/1 with the concatenate 

if $ is singly partial. 

d) Replace 3 with the concatenate 

if $ is doubly partial. (Note that the empty components may 

be split with full and partial components in between. This 

is indicated by the fact that the first v empty components, 

lIv<r, appear on the left and the remaining ones on the 

right.) 

[4] If 3 was the last unreduced constituent of some compound formula 

within ps append the enclosing formula to the end of the queue. 

26 

[EJ] Go back to step 2 if the queue is not empty, otherwise halt with 

the anser “reducible.” 
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When 9 is S-reducible the reduction algorithm computes a new formula 

called the m of 9. It is easy to see that the result of the 

algorithm is a formula in which S is normal. 

Example 1.10: 

Finishing example 1.9, the reductions to be performed are listed 

below for all the subformulas except the atoms, which remain 

unchanged. 

. . . . . . [fe] . . . . . . . . . . . . . Changed to concatenate 

. . . . . . . . ...(a) . . . . . . . . No change 

. . . . . . . . . . . . . . . . (hg). . . No change 

. . . . . . . . ..[(ki)i(hg)].. No change 

. . * *[dfe(ki)i(hg)]* New concatenate bui 1 t 

(abc[dfe(ki) i (hg)]) Reduced 

Note that [fe] is not proper after it is reduced. This is all 

right since it will become part of a proper concatenate later. 

This will always be the case any time a P-formula is changed to a 

Q-formula; it eventually becomes part of a larger Q-formula. 

Any subformula which is partial will be replaced by a Q-formula except 

for 9s. which is a special case. After all of the replacements, every 

subformula is either empty or full; there are no partial subformulas 

within ‘ps after reduction. A precise statement of this fact is the aim 

of the next leanna. 

Lemma 1.11: 

Let 9 be an S-reduced formula. Every subformula of 9s is either 

empty or full, except possibly ‘ps. It may be partial if it is a 

concatenate, but all of its full components must be consecutive. 
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This is imnediate after examining the result for each case in step 

3 of the reduction algorithm. 

!k!E 

The transformations applied in the normalization algorithm usually admit 

more than one S-normalization for a formula. Each yields a different 

reduced form when the reduction algorithm is applied. The various 

S-reductions will not differ significantly, however. The next lewa 

compares the formulas which can be achieved via the reduction process. 

Lemma 1.12: -___ 

Any two S-reductions of 9 are equivalent. 

Proof: 

Given any two S-normalizations 9, and (pZ, there is an obvious 

equivalence mapping between subformulas. The claim is that this 

equivalence is preserved after reduction and hence that the two 

S-reductions are themselves in the same equivalence class. The 

proof is an induct ion on the number of times step 2 is executed 

while processing 9r. 

Assertion: 

Assume that the S-reduced forms of the subformulas of 9, which are 

reduced during the first m iterations of step 2 are equivalent to 

the S-reduced forms of their corresponding subformulas in ‘pZ. 

Basis- A 
Let m = 0. Any mapping works since no subformulas have been 

reduced. 

Induction: 

Let m > 0 and assume that 3, is selected for reduction in 9r at 

the mth iteration. There is a l-l equivalence between 
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constituents of $r and those of $2, its image in (p2. By the 

induction assumption these constituents are pairwise equivalent 

after reduction. 

The labels assigned during normalization will be the same in 3, 

and @z so the only difference is the exact order in which the 

constituents are reassembled. This is always an equivalence 

transformation, hence the reduced 9, and (42 retain their prior 

equivalence. 

BED 

The normalization and reduction algorithms can be combined into a single 

algorithm which, given a formula 9 and a set S, computes a new formula 

in which S is normal. The fact that this works for any S-reducible 

formula prompted the use of the term reducible in the first place. This 

is the point of the next lemma, which directly characterizes the 

S-reduction of a formula in terms of its underlying arrangements. 

Lemma 1.13: 

Given a formula 9 and a set S there is a formula 9S whose 

underlying arrangements are exactly the underlying arrangements of 

9 in which S occurs consecutively. Furthermore 9s is unique up to 

an equivalence transformation. 

There are two cases to consider depending upon whether or not 9 is 

S-reducible. 

Case 1: 

If S cannot be normalized in 9 there are no underlying 

arrangements in which S occurs consecutively. The null formula is 

the unique PQ-formula which has no underlying arrangements. Let 

9s = 0. 

Case 2: 
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Assume that 9 is S-reducible. The underlying arrangements of 9 in 

which S is consecutive correspond l-l with the S-normalizations of 

9. This is because each S-reduction of 9 is a rebracketing of 

exactly one of the S-normalizations and hence collectively they 

have precisely the desired underlying arrangements. Let ‘ps be any 

S-reduction of 9. Lemma 1.4 insures uniqueness to within an 

equivalence transformation. 

Note that in this interpretation every formula has an S-reduction. If 9 

is not S-reducible the S-reduction is 0, the null formula. In al 1 cases 

the reduction process leads to a new equivalence class with a smaller 

(reduced) set of underlying arrangements. It throws out exactly those 

arrangments in which S does not occur consecutively. The structure of 

PQ-formulas is thus able to capture the essence of consecut iv-e 

occurrence. This point is reinforced by looking at the normal sets for 

a formula. 

Corollary 1.14: 

For any formula 9 and any two subsets S, and S, of 1. 9S,S, is 

equivalent to 9S,S,. 

From the lenana both double reductions have the same underlying 

arrangements. Again using lermna 1.4. the formulas must be unique 

up to an equivalence transformation. 

QED 

The normal sets can be used to obtain a characterization similar to that 

of lemma 1.4, which related a formula to its collection of underlying 

arrangements. 
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Lemma 1.15: 

Two formulas 9l and (p2 are equivalent iff Ycp,= YP,. 

Proof =>: 

This is imnediate from the definition of normal sets. The 

equivalence classes are the same, so the normal sets are 

identical. 

Proof <=: 

Suppose that Y+,,= YP2. The proof is by induction on the number of 

atoms in a formula. 

Assertion: 

All subformulas in 9, having no more than m atoms have a 

corresponding equivalent subformula in ~0~. 

Basis* A 

Let m = 1. The only such formulas are the atoms themselves. 

Elementary formulas correspond by the identity mapping and are 

obviously equivalent. 

Induction: 

Let +I be a subformula of 9 with m > 1 atoms. Since each of its 

constituents has less than m atoms, they all satisfy the induction 

hypothesis and have equivalent images in (p2. These images must be 

exactly the constituents of some $/,. 

Suppose this were not the case. The atoms of it would not be 

consecutive in Q2 but would be consecutive in 9r. This is a 

contradiction because they comprise a normal set for ‘pl and 

therefore must also be normal in boz. An argument similar to that 

of lemma 1.4 then establishes that q2 must actually be equivalent 

to 3, * This completes the induction and the proof. 

g 
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III Characterizations 
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Equivalence classes can be thought of either as collections of 

arrangements or as families of subsets. Either notion characterizes a 

class completely. The normal sets are sometimes more convenient, but 

they require a knowledge of the inner structure of .YV. The first step 

toward this understanding is to examine the closure properties of such 

families. 

A definition is handy. Two sets S and T m whenever they have a 

nonempty intersection and are incomparable with respect to set 

containment. An equivalent definition is to demand that each of S r\ T. 

S - T, and T - S be non-empty. Any family of normal sets must be closed 

under a number of operations on overlapping sets. 

Lemma 1.16: 

If S and T are overlapping sets in .YV then each of S u T. S - T. 

and S n T is also in YV. 

Suppose that S and T overlap and are both in .YV. Cons i der any 

representative from (p’s equivalence class. S and T are normal so 

they occur consecutively. All three of S u T, S - T. and S n T 

must also be consecutive. Because the representative was 

arbitrary this is true for every formula in the class, hence the 

sets are normal and members of Y’~. 

Stated another way, the lemma says that the normal sets are always a 

family closed under operations on overlapping sets. The strict converse 

is not true, but the closure properties are almost all that is needed to 

determine YV. A family closed under the previous operations need not 

correspond to the normal sets of any formula. Y’ is m iff the 

universal formula can be simultaneously reduced by all of the sets In Y’. 

This means that some nonnull formula contains Ywithin its family of 
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normal sets. 

Given a consistent family Ywhich is closed under union, difference, and 

intersection of overlapping sets, a PQ-formula can be constructed which 

has 3 for its family of normal sets provided the family contains a 

minimal subfamily of required sets. 

Lemma 1.17: 

3 is the family of norma 1 sets for some PQ-formula over 1 iff 

either 9 is 2I or else it is consistent, contains E and every 

singleton of t. and whenever any two overlapping sets S and T are 

in 4 all three of S u T, S n T. and S - T are also in Y’. 

Proof =>: 

Clearly every singleton of X as well as Z itself is always 

consecutive in any arrangement, so each is a normal set and must 

be in 9. The closure properties of lenrsa 1.16 complete the proof. 

Proof <=: 

technical i ty 

alternative. 

the universa 

that the un 

the sets. 

The first condition is easy to dispose of. It is just a 

. If 3 is all of 2’ it is Yo. This leaves the other 

So assume that Y’ is consistent. Recall that 1 is 

1 formula. The definition of consistency requires 

iversal formula be simultaneously reducible by all of 

Define a formula determined from the sets by the reductions 

From lemna 1.11 it is clear that each of the sets is normal in rp. 

Thus 
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.Y c Yv. 

To actually show equality the reverse containment must also be 

exhibited. Let 

v(j = f 

and 

(pj = 'Dj-lsj 

for 1 5 j 5 n. The proof is an induction on j. 

Assertion: 

For all j ? 0, the containment 

is valid. 

Basis- A 

Let j = 0. Then q. = 1. The only normal sets for 1 are 1 and its 

singletons. This implies that 

Induction: 

Let j > 0. Consider the effect of the reduction algorithm on 

‘01-l * The resulting formula ‘pj has all of the previous normal 

sets plus some new ones. A new normal set will be introduced only 

when a change is made in the formula. This, in turn, happens only 

when a partial subformula is reduced, which itself happens only 

when S1 overlaps one of the existing normal sets. The added 

normal set is always either a union, intersection, or diffcrece of 

Sj and this previous norma 1 set. The induction hypothesis 

guarantees that the normal set is already in Y’ and the definition 

of Y requires Sj to be there. This completes the induction since 

the closure properties assumed for Y’ imply that the containment 

still holds. 

The proof is now trivial. From the induction it is true that 
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YvnC 9. 

Obviously 9 = 9,.,. This implies that 

Yv c 3 

which is exactly the containment desired. Equality then holds 

between the two families. 

The notation 9s for the S-reduction of 9 was chosen to suggest that a 

set S can be regarded as an operator on formulas. It also implies that 

more than one set can be used. Thus q5, .**S, stands for the formula 

produced by successive reductions of 9, as in the last lewa. Corollary 

1.14 demonstrates that the order in which these reductions are made is 

unimportant. Combining this with lemma 1.15. each formula 9 can be 

written as the reduction lS,*+*S,. where the sets are precisely the 

normal sets of 9. 

In general it is not necessary to include every normal set. Any 

subfami ly of Yv which reduces the universal set to 9 is a m 

m for 9. Conversely, a family Y w the family Y’, the 

n of Ywith respect to operations on overlapping sets, where Y’ is 

defined to be the smallest family containing all of Y and closed under 

union, intersection, and difference of overlapping sets. Uniqueness of 

Yv implies that Y* = Yv for any generating family Y of 9. 
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The second characterization for PQ-formulas solves a problem partially 

posed by Jennings[Jenl]. Although he did not use the idea of 

PQ-formulas. he did compute all of the normal sets given a subfamily 

which generates them. The fact that any family closed under these 

operations determined a formula if it contained the singletons and 1 was 

not discussed. Listing the normal sets given a generating family is 

easy and can be done in a number of steps proportional to the total size 

of the sets, as will be seen in chapter 2. 

For any set SEY*, the &i&t- of S with respect to 3 is the minimum 

height over all fully parenthesized expressions which compute S using 

only the union, intersection, and difference of overlapping sets from 3. 

The height of an expression is just the maximum nesting level of its 

parentheses. 

When a formula cannot be reduced it is of interest to characterize the 

failure in terms of a particular generating family, the obvious choice 

being the family of sets actually involved in the reductions. The 

characterization which follows is due to Tucker and appears in [Tuc2] in 

a slightly different form. The original version will be discussed in 

chapter 4. 
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Theorem 1.18 (Tucker): 

For any family of sets 

the formula 

3 = 
1 

x1.-*- *‘k }* 

9 = 1x,*.*x, 

is X-reducible iff 3 u IX1 contains no subfamily which is one of 

the following types of families: 

IXLs x1 
/So 

Il+1 
‘\ 

,sg-&?“\ 
82 y\ /“I\ / ...a”-\ ,z 

Y a2 
\ /“‘\ / ...a”-< ,z 

Sl S2 ‘n Sl S2 %I 

yin 
(n > 0) 

X 

I yII, (n > 0) 

/so\ 
Y a2 an z 

X \ /“t / \ / 
I s, s, *-- %+1 

X 

I 
Sl 

I yI1l, (n > 0) SO 
/ \ 

Y a1 z 

\ I I 

S2\ /SO\ ,S3 

82 a3 

/a’\ /’ a2\ 
Sl s2 

\/\/ 
S3 

Y Z 

91-4 YV 

(m ese are the forbidden. Sets are denoted by upper 

case letters and atoms by lower case letters. A line connecting a 

set with an atom indicates membership. Missing lines imply 

nonmembership. The atoms designated by x. y. and z are singled 

out for special attention. They are v. Between 

any two such atoms there is an alternating sequence of atoms and 

sets to which the third atom is not adjacent. These will be seen 

again in later chapters. Note that the first three types are 

actually family schemata, having a parameter n ’ 0. while the last 

two are simple families.) 
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=>: Proof 

By inspection none of the five types of subfamilies is consistent. 

If the universal formula is reduced by all of the sets within a 

family except one (let it be X) the resulting formula will not be 

X-reducible. This can be verified by simply running the reduction 

algorithm [page 253. 

Proof <=: -~ 

Suppose that the reduction algorithm fails to X-reduce 9. There 

are only three ways that this can happen. Each gives rise to an 

instance of one of the forbidden subfamilies. This will be 

verified in two stages. The first step wi 11 verify that a 

forbidden subfamily exists within the closure of the family 

3 u {Xl. After this fact has been established, it will be shown 

that the forbidden subfamily can actually be chosen from the 

smaller family 3 U IX{. 

Claim 1: 

The reduction algorithm fails to X-reduce 9 iff there is an 

instance of the forbidden subfami 1 ies within the family 

(9 u IXI)‘. This is a weaker condition than the conclusion of the 

theorem. The forbidden subfamily is being drawn from a much 

larger family than just the sets used for reduction. 

Proof of claim 1: 

The claim will be verified by examining the three ways in which 

the reduction algorithm may fai 1 to X-reduce 9. Since the 

reduction algorithm itself has no failure outcome, the only 

failure which can occur is when the formula cannot be labeled by 

the normalization algorithm [page 181. This, in turn, only fails 

if a formula selected at step 2 does not receive a label in step 

3. Every atom gets a label, but some compound formula may not 

receive a label. The following cases account for all of the 

possibilities which can occur. 
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Case 1: 

A subformula does not get labeled because one of its subformulas 

has already been labeled as doubly partial. Let the doubly 

partial subformula be 3. Define 

x+ = { a ) a occurs within Q 
) 

. 

Then X and X3 overlap because not every pertinent atom is in $I and 

not every atom in * is pertinent. Let 

X' = X n X+. 

The atoms of $J are obviously normal in 9; they constitute a 

complete subformula. Closure then implies that 

and hence 

x+ E (9 u IW’ 

X’ E (9 u IX{)‘. 

Consider the effect of X’-reducing 9. Because 9X, is a subformula 

of 1c/ and 3 receives a label, 9X, receives a label. This means 

that 9 is X,-reducible. Consider what has happened to 1// after 

X’-reduction of 9. It is a doubly partial Q-formula and has the 

form 

where 1 < v < r. 

Define the following sets, using the atoms from the indicated 

pieces of 3. 

so = x 

s, = { a 1 a occurs in Ii/f...@: or $I - * 4; } 
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The latter two are normal sets for the X.-reduced version of cp. 

Closure implies that 

S, E (3 u IX’{)’ and s, E (3 u IX’])’ 

Clearly 

(3 u IX’])’ c (3 u )Xl>’ 

because X’ is already in the family on the right-hand side. All 

three sets (So, S,, and S2) are thus within the closure. A 

forbidden subfamily can be constructed simply by choosing the 

appropriate atoms. 

Choose x to be any pertinent atom not occuring in 3. aI a 

pertinent atoms which does occur in @. and let y and z be 

nonpertinent atoms of 3, one from +F and the other from $$. This 

is an instance of YpIII , one of the forbidden subfamilies. 
1 

Case 2: 

Some P-formula IJ? does not get labeled because it has three or more 

singly partial subformulas. The details are similar to the first 

case, the result being that for a suitable choice of X’ c X. the 

formula 3 looks like 

(:. .$/,p.. .@. . .qg.. .) 

after X.-reducing its factors, the indicated subformulas being all 

singly partial Q-formulas. Define sets St. S,. and S, to be the 

atoms occuring in each of the three Q-formulas and choose x. y, 

and z to be nonpertinent atoms from the sets, with a,. a2, and a3 

pertinent atoms from the sets. So is again X itself. This is an 

instance of Y,,. and as before, all four of the sets are in the 

closure. 

Case 3: 

Some Q-formula does not get labeled because all of its pertinent 

atoms are not consecutive. The same type of argument applies. A 

set X’ C X can be chosen. X.-reducing 3’s components gives a 

Q-formula. It must look 1 ike 
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[. . .$j;. . .g.. q$. . .] 

The components superscripted with f are full and the component 

superscripted with e is empty. Let So be the atoms occurring from 

1//i through $,f and S, the atoms occuring from +f through @i. 

Picking x, y, and z from the three subformulas gives an instance 

of 31 when S, is chosen to be X. As before, all of the sets are 
1 

contained within the closure. 0 

Notice that the forbidden subfamilies which were produced were, in 

each case, quite simple. In the first and third cases they were 

the smallest family within a schemata of families. The second was 

one of the simple families. Two of the types did not occur at 

all! This will be rectified in the next part of the proof. All 

of the indicated families are actually necessary in order to 

guarantee that the forbidden subfamily occurs completely within 

the sets involved in the reductions. This will be the second part 

of the proof: it is considerably more complicated than the first 

part because of the large case analysis involved. 

Claim 2: 

A forbidden subfamily exists withill (3 u IX])’ only if a forbidden 

subfamily exists within 3 u IX]. This will complete the theorem. 

since it has already been demonstrated that a forbidden subfamily 

exists within the second family iff the reduction algorithm fails 

to X-reduce 9. 

Proof of claim 2: 

The proof is by induction on h, the maximum height of a set within 

an instance of the forbidden subfamilies. 

Assertion: 

If (3 u IX])’ has a forbidden subfamily of maximum height h. then 

3 u 1x1 has a forbidden subfamily. 

Basis- ------z 

Let h = 0. Every set of the subfamily is actually in 3 u 1x1. 
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This is the desired state of affairs. 

42 

Induction: Let h > 0. The proof is a case-by-case analysis. Most 

of these are quite similar, so only one will be done in detail. 

Assume, then. that the forbidden subfamily is an instance of 3, . 
n 

Referring back to the diagram in the statement of the theorem, 

without loss of generality, suppose that S, is one of the sets of 

maximum height within the forbidden subfamily. Its height is h. 

There are a number of cases to consider. 

Case 1: 

Sl =SuT. whereSandT are overlapping sets of height no more 

than h-l. If ]y.at] c S or fy.a,] c T the appropriate set can be 

substituted for S, in the forbidden family. This yields another 

instance of 4, . 
n 

Otherwise choose a new element w which is in both S and T. If it 

is in none of the other Sj, add both S and T plus w to the 

forbidden family in place of S,. This will be an instance of 

99, * ll+1 

If w is an atom from one of the sets other than S or T. there are 

still three more possibilities to explore. If w is not in one of 

the other sets, say Sj, then an instance of 3, is formed (for 

some p > 0) by considering the two closest sets 0; either side of 

Sj of which w is a member (they must exist because S and T can 

fill this role) plus all of the sets which occur on the path 

connecting the two and passing through Sj. 

The last two possibilities occur when w is in every one of the 

sets. A special case is for n = 1. This gives rise to an 

instance of YpII1 when all of the atoms and sets except S, are 

used. If n>l then an instance of Yiv is easily constructed 

using So, Sn+,, and T with the atoms x. z. w. and a. 

Case 2: 

Sl =SnT,whereSandT are overlapping sets of height no more 

than h-l. Again there are a number of subcases. but each can be 
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easily verified. If S or T cannot be directly substituted for S, 

then an instance of some other forbidden family may occur. 

Case 3: 

Sl = S - T, where S and T are overlapping sets of height no more 

than h-l. Again either a direct substitution of S for S, or else 

some similar modification will result in a forbidden subfamily. 

Obviously these first three cases cover only some of the 

situations. They are in fact the simplest ones. The complete 

symmetry of 9, means 
” 

that only S, has to be considered. The 

other fami 1 ies have many more cases, each with three subcases, 

depending upon whether the selected set is a union, intersection, 

or difference. But in every case a set of maximum height can be 

eliminated from the forbidden family while still leaving another 

forbidden family. This process can be repeated unt i 1 the maximum 

height is less than h. at which point the induction hypothesis 

applies. u 

IV A Lattice 

There are two different ways to describe a formula: its underlying 

arrangements and its norma 1 sets. The next lemmas use the two 

characterizations to generate new formulas from old ones. 

Lenma 1 .lJ& 

If 91 and 92 are two formulas, thenlvlndv is the collection of 
2 

underlying arrangements for some PQ-formula. 

Proof: 

Assuming that S,,....S, are the normal sets for 9r and that 

T,.-*a. T, are the normal sets for ‘pZ, the previous discussion 

asserts that 

91 = s,...s, and ‘p2 = T,.+.T,. 
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Del ine 

By lemma 1.13 this has precisely the set of underlying 

arrangements in which all of the sets are consecutive so 

d@,ndv*c-%*” V*’ 

The opposite containment also holds since every underlying 

arrangement for 9, A 92 is valid for both 9f and Q~. Thus 

and += -% AV * 1 2 

The containments carry over to the intersect ion of the 

collections, giving 

%Qn -%p%,“V* 

and thus the two collections must be equal. 

The formula ‘pl A (c2 is called the & of the formulas 9, and cp2. The 

meet is a generalization of the reduction operation. It is the mutual 

reduction of two formulas. Another binary operator can be defined in an 

analogous manner using the characterization by normal sets. 

Lemna 1.20: 

If 91 and 92 are two formulas, then Yv,n Yve is the family of 

normal sets for some PQ-formula. 

The closure properties carry over to the intersection of the two 

families. Both 1 and all of its singletons are still in the 

intersection. Lemma 1.17 then applies, guaranteeing that a unique 

PQ-formula is defined. 

m - 
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Let 91 v 92 be the formula which corresponds to the intersection of two 

families. The formula 9, v ‘p2 is called the jo& of the two formulas 9r 

and 92. Together with the meet it forms an algebraic system over the 

equivalence classes. The meet is a direct extension of reduction. The 

resulting collection of arrangements is always at least as small as 

either of the original two. The join, on the other hand. acts to 

increase the number of underlying arrangements. The two operators are 

thus somewhat opposites. They are not inverses because 

(91 h 92) v 92 ;r 91 

for arbitrary 9r and (p2, but it is true that 

(91 * 92) v 92 = 92. 

With this final hint, the algebraic properties should not be hard to 

guess, although the names meet and join have surely spoiled the suspense 

anyway. Given the alphabet I. let FI denote the collection of 

equivalence classes of PQ-formulas over E. As the names of the 

operators suggest, the PQ-formulas form a m. The proof is a 

simple, a 1 though somewhat lengthy exercise in verifying the algebraic 

definitions. 

The proof which follows is not the only possible way to achieve this 

result. The duality between underlying arrangements and normal sets 

implies that either can be used to obtain isomorphic lattices. Using 

just the normal sets and the usual notion of algebraic closure for the 

operations of lernna 1.16, an alternate proof can be given. The 

corresponding proof using arrangements is somewhat t,rickier, since the 

operations under which closure is to be obtained are a little obscure. 

The proof here uses a hybrid approach, in order to exercise some of the 

machinery developed so far. 
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Theorem 1.21: 

The algebra (Pz,h,v) is a lattice with maximum element 1 and 

minimum element 0. 

Consider the relation < on PQ-formulas defined as 

iff both 
91 < 92 

91 h 92 = 91 and 91 v 92 = 92. 

It must be shown that this is a partial order on 9, and that the 

meet and join are, respectively, a greatest lower bound and a 

least upper bound. 

Claim 1: 

The relation 4 is a partial ordering on the equivalence classes 

FP, . 

Proof of claim 1: 

The definitions of A and v can be used to define -( directly in 

terms of underlying arrangements and norma 1 sets. Simple 

substitution shows that 

91 A 92 = 91 and 91 v 92 = 92 

iff 

iff 

l,,nAv =A, and 
2 I Yv,n Yv 2 

= 3 
p2 

%*= % and * 2 yv*3yv 2 

From this it is clear that the partial ordering of set containment 

on each of the classes 
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induces a partial ordering on equivalence classes and that + is 

the intersection of these two relations. This is sufficient to 

guarantee that i is a partial order. q 

Claim 2: 

The meet is a greatest lower bound. (The proof that the join is a 

least upper bound is similar and is omitted.) 

Proof of claim 2: 

From the definition of the meet 

Lemma 1.19 says that the normal sets of ;pl and ~0~. taken together, 

generate the norma 1 sets for the meet. Using the closure 

properties given in lemma 1.9 

The containment holds separately for each of the two families, so 

This last set of containments. along with the previous ones for 

the collections of underlying arrangements, are exactly the 

conditions needed to show that 

so the meet is a lower bound for it and ~0~. This establishes one 

half of the claim. It still must be shown that it is a greatest 

lower bound. Suppose that + is any other lower bound for v1 and 

p2* By definition. 
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and hence, by an argument similar to the one before. 

These can be combined to yield the two containments 

From the definition of the meet 

.d 
VI “V2 

=dv,ndv . 
2 

The closure properties of normal sets then imply that 

% ’ 5 1 “V2 
3 Yvlu Yv . 

2 

These last two are sufficient to show that 

and hence that the meet is indeed a greatest lower bound. 0 

This establishes that (S~,A,V) is a lattice. All that remains to 

be proven is the maximum and minimum. These are easy. 

Claim 3: 

1 is a maximum in the lattice and 0 is a minimum. 

Proof of claim 3: 

By definition the null formula has no underlying arrangements and 

every set is trivially normal. Synxnetrically, every arrangement 

is acceptable for the universal formula but only A and its 

singletons are normal. Thus 
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or, in terms of the partial order, 

Thus 0 and 1 are a minimum and a maximum in the lattice of 

equivalence classes. 0 

The algebra (9Z,~.~) has been shown to be a iattice. with the 

required maximum and minimum elements. 

QED 

The lattice is not a Boolean algebra. This is easy to establish using 

simple counting arguments. Even worse, it is neither distributive nor 

complemented, both required properties for a Boolean algebra. Actually 

computing meets and joins is beyond this discussion, although the next 

chapter wi 11 discuss how an algorithm for finding the meet or join of 

two formulas can be constructed from the reduction algorithm. Perhaps a 

more interesting pursuit would be to count the number of equivalence 

classes over an alphabet Z of a specific size. Here, the lattice 

properties might be of some use. 

Beginning with the definition of PQ-formulas as bracketed arrangements, 

an algebraic lattice has been described which consists of equivalence 

classes of formulas. The meet operation corresponds to a generalization 

of the reduction of a formula with respect to a set. Using the lattice 

properties, equivalence classes can be represented by either their 

underlying arrangements or their normal sets. Despite the mathematical 

lure of this theory the topic of primary interest is the existence of an 

algorithm for reducing a formula. This reduction is accomplished by 

first normalizing the formula and then recursively replacing its 

constituents with reduced formulas, so that the given set is constrained 

to occur consecutively. 

The normalization and reduction algorithms [pages 18 and 251 can be 

used directly on PQ-formulas. An approach similar to this was taken in 

[Leml]. Finding the appropriate normalization requires looking at all 

of the atoms in a formula. This means that each reduction takes at 
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least O(m) steps even if ISI << m. A more efficient implementation 

requires a good data structure. The next chapter introduces a means of 

representing PQ-formulas which allows both the normalization and 

reduction operations to be performed easily. The a!gorithms in later 

chapters which employ them as primitives can be implemented to run in 

linear time. 
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The next step is to devise a good data structure for computing the 

reduction of a PQ-formula. Using trees to represent formulas is not a 

new idea. It is standard operating procedure in many areas of computer 

sc i ence such as theorem-proving, algebraic symbol manipulation. natural 

language processing, and program compilation. In this chapter a new 

variety of trees is introduced. They are used to represent the formulas 

discussed in the previous chapter, and are cal led PQ-trees. 

Transformations on PQ-trees which correspond to operations on 

PQ-formulas are defined here and algorithms for computing lS,...S, and 

‘pl A (p2 are described. The first algorithm runs in time which is a 

linear function of the sum of the sizes of the sets: the second is O(m) 

when 1 = [a,,.**,a,j. 

I Trees And Formulas 

A PQ-formula can be converted into an o i m in much the same 

way that an arithmetic expression is converted to a tree. The atoms of 

a formula correspond to m of the tree and each compound formula 

becomes an internal node. w correspond to products, and w 

correspond to concatenates. The m of an internal node are the 

constituents of its formula. The node for the enclosing formula is a 

51 
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e. and nodes having a conxson parent are w. m and 

a have the usual meaning. Trees are drawn in the normal way, 

children below parent, and have a definite left-to-right orientation 

among the children. A leaf is drawn as the atom itself (a letter), 

P-nodes as circles, and Q-nodes as rectangles. A ab& is any 

connected set of nodes within a tree. A subtree need not itself satisfy 

the conditions required of a PQ-tree. 

Just as chapter 1 concentrated on proper PQ-formulas. a v 

can be defined, and will be the object of attention here. Each P-node 

must have at least two children and each Q-node at least three. Every 

atom is assumed to occur exactly once as a leaf. Mapping a PQ-formula 

to its tree is simply a matter of replacing each compound subformula by 

a P-node or Q-node having the appropriate subtrees. The inverse mapping 

is also easy and is achieved by a walk of the tree. This is summarized 

by the next leszna. 

Lemma 2.1: 

There is a l-l correspondence between oriented PQ-trees and 

PQ-formulas. 

The conversion is quite mechanical so no proof is supplied. Instead, 

the following example is offered by way of illustration. 

Example 2.2: 

The formula used as an example throughout chapter 1. 

has the following unoriented PQ-tree. 
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d 
R 

e f 

Each node in the tree corresponds to one of the subformulas given 

in example 1.7. 

All of the results for PQ-formulas carry over to PQ-trees under this 

correspondence. In particular, the concept of reducibility with respect 

to a set is still present. The normalization and reduction algorithms 

could be restated for oriented PQ-trees, but the great advantage of the 

tree representation is that this need not be done. The equivalence 

classes are directly accessible without normalization, jJ the 

orientation is handled correctly. 

Not surprisingly, normalization turns out to be the bottleneck in any 

implementation where formulas are treated as strings. Eliminating the 

need to normalize leads to a faster version of the algorithm. The 

problem is to somehow ignore the orientation of the tree where it gets 

in the way of efficiency. AI ter al 1, most, if not all of the 

orientation should be superfluous, since it is an artifact left over 

from the linearity of the string representation. Orientation x be 

largely ignored. This is achieved by relaxing some of the conditions on 

a tree. 

For an internal node, the left-to-right orientation of its children is 

exactly the order in which constituents occur in its formula. A product 

is equivalent to any permutation of its factors, so there is no reason 

to orient the children. An- represents the et:t ire 

equivalence class of products. The unoriented version is always 

normalized, in the sense that the representation does not favor any 

special orientation over al 1 the others. If the same is to hold for 
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Q-nodes , some allowance must be made for the fact that only a restricted 

set of transformations can be used on a concatenate - just reversals. 

In this case orientation cannot be done away with entirely. The 

children of a Q-node must have a definite sibling relationship. The key 

idea is that no absolute left or right is needed. Each child is either 

-or _y_yy_ interior, with the latter always having the same two 

immediate siblings. This mirrors the fact that the order of the 

components within a concatenate can be reversed, but not arbitrarily 

permuted, in contrast to the factors within a product. These more 

general Q-nodes are called -elf. 

An w is composed of leaves and unoriented internal 

nodes. It corresponds to an entire v of oriented 

PQ-trees, if two oriented trees are considered m whenever a 

sequence of permutations of P-nodes or reversals of Q-nodes transforms 

one tree into the other. The w is easily drawn: it has no nodes 

at all. The s is a single P-node having exactly one leaf 

for each atom in the alphabet 1. These are the unoriented PQ-trees 

which correspond to the null formula and the universal formula. 

The ana 1 ogy with formulas is now complete. Throughout the remainder of 

this chapter the term formula will be used to stand interchangeably for 

a single formula and also its equivalence class. The term tree will 

always refer to the unoriented tree of a formula. 

Lemma 2.3. 

There is a 1-l correspondence between unoriented PQ-trees and 

equivalence classes of PQ-formulas. 

Let 3 be a PQ-tree. Definitions from its corresponding formula carry 

over in an obvious way. Given a set S. a leaf is m if it is a 

member of S and an internal node is w if one of its descendants 

is pertinent. Th is the subtree of S which e 

corresponds to the pertinent subformula. 
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The tree representation has some additional structure which can be used 

to great advantage. Not every subtree within the pertinent subtree is 

pertinent. This was also true for formulas. but there was no easy way 

to exploit the fact. An algorithm using trees benefits by ignoring the 

subtrees of S which are not pertinent. Excluding the nonpertinent 

nodes, the part of S which remains is called the w 

subtree. _M__ Notice that this is always a subtree of the pertinent subtree. 

The entire pertinent subtree is usually not interesting, so the notation 

‘;r, is reserved for the pruned version. It wi!l not always be possible 

to restrict attention just to 3s. however, so two final pieces of 3 are 

singled out. The path from the root of 9, to the root of S is called 

the- ofrs. It may be the null path. The v is the 

handle plus a sequence of imaginary nodes which are added as the 

ancestors of the root of 3. The last piece isn’t really part of the 

tree at all. The algorithms below do not actually operate in the 

extended handle, but it is a convenient descriptive device and 

simplifies some of the arguments used in later proofs. The u of a 

tree $I is l*, the longest leaf-to-root distance in 3. 

Example 2.4: 

Again using the same example as before, the pertinent subtree with 

its handle is given by the following FQ-tree. The pertinent 

subtree has height 3; the entire tree has height 4. 

handle: 
o\ 

I 
pertinent subtree: d 

R I 
e f i 

The pruned pertinent subtree is smaller than this. It and its 

extended handle are indicated below. 
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handle: 

0 
. 
. . 
9 

pruned subtree: 

F’fd 

Note that this is not actually a PQ-tree. according to the 

definitions. 

The process of reducing a formula with respect to a set S is now greatly 

simplified. Normalization no longer is an issue. The result of an 

S-reduction will again be an unoriented tree. since lenzsa 1.12 shows 

that the reductions form an equivalence class and all have a cotmnon 

tree. This makes the algorithm particularly easy to state. The 

following version specifies a set of templates for replacing subtrees 

during reduction. Again the notation for formulas carries over to the 

tree. Nodes are classified as &, &ll, s. or &uJ& 

m. It is easy to check that this describes the same procedure as 

the reduction algorithm [page 253 which was stated in chapter 1, this 

time given as an algorithm on PQ-trees. 

Tree Reduction 

cl] Let 3 be a PQ-tree and S a subset of its leaves. Assume that 

each node of 3 is initially unlabeled. Place each leaf on the 

queue to be reduced. 

[2] Remove the node n from the head of the queue. It is the next 

candidate for reduction. 
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[3] Label n as in step 3 of the normalization algorithm [page 161. 

selecting a case according to the labels on its children. 

Replace it in 3 using the appropriate template below. If none 

of these templates apply, set 3 to be the null tree and halt 

with the answer “irreducible.” 

Case 1: 

When n is a leaf, there is never anything to do. Leave it 

alone. 

Case 2: 

When n is a P-node, there are the usual four subcases. 

a) If n is empty, leave it alone. 

/A 
nf .a* n: 

r 
ti 

b) If n is full, leave it alone. 

A 
n: ..a ns 
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c) If n is singly partial. replace it with a Q-node, 

8 

n; 

j!pqyY! 
* *. nf . . . 

4 

except for the special case when n is the root of rs. Then 
use a P-node instead. 

n; Ini 

np a** n: 

9 
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d) If n is doubly partial, replace it with a P-node. 

np **. ni nq a.. n,9 

Case 3: 

When n is a Q-node, there are al so four subcases. 

a) If 72 is empty, leave it alone. 

8 

Fi 
n: a** n”, 

b) If n is full, leave it alone. 

8 
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c) If n is singly partial. replace it with a Q-node. 

d) If n is doubly partial, replace it with a Q-node. 

3 

[43 If n was the last unlabeled child of some other node within the 

of the pertinent subtree append the 

queue. 

parent node to the tail 

[6] Go back to step 2 if the queue is not empty, otherwise ha It. 

Because of the dual ity between trees and formulas, it is obvious that 

the reduced tree is the same as the tree of the reduced formula. 

Another important property which is also preserved by duality is the 

labeling. even after reduction. 
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Lemma 2.5: 

Every node in a reduced tree is either empty or full, except 

possibly the root of 3,. If it is a Q-node, it may be partial, 

but al 1 of its full children must be adjacent. 

The proof is a repea 

replaced by trees. 

.t of the proof for lemma 1.11. with formulas 

BED 

The reduction of a tree is a node-by-node process. Each node is reduced 

according to information about its irnmediate subtrees. The sequencing 

of operations is important! Nodes may be processed only in an order 

consistent with the requirement that each internal node be processed 

after all of its children. One acceptable ordering is postorder, 

al though there are obviously others. The order used here is determined 

entirely by the order in which atoms are first placed into the queue. 

The first-in, first-out discipline of the queue does the rest, 

f&ample 2.8: 

Reducing the tree from example 2.4 yieIds a new PQ-tree. As it 

should be, this is the unoriented tree for the reduced formula 

obtained in example 1.10. 

d f e 

The height of the tree has been reduced by one. All of the nodes, 

except for the root of 

full. 

the per inent subtree, are either empty or 
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The work at each node is fairly easy, provided the proper housekeeping 

details are attended to. and is proportional only to the number of 

children below the node. This means that the reduction algorithm runs 

in time proportional to the size of the tree. Denote the a of a 

tree, its total number of nodes, by 131. A proper tree is always at 

least binary, so the size is clearly O(m). Unfortunately the algorithm 

may be very inefficient if the size of S is quite small when compared to 

m. The fact that only the pertinent subtree need be processed doesn’t 

help. It is easy to find examples where this is all of 3, even though S 

has only two elements. 

Notice that the only nodes which are actually changed during tree 

reduction are those corresponding to partial formulas. It is this fact 

which enables an algorithm to ignore much of 3. This rather obvious 

property is stated in the next lemna. 

Lemma 2.7: 

The only nodes in 3 which are changed by the reduction algorithm 

are the partial nodes in 3,. 

This is immediate from the definition of singly and doubly 

partial. Either is automatically in 3,. Since these are the only 

nodes which are modified the proof is complete. 

Ideally, the size of 3s would be related in a nice way, hopefully 

linear, to the size of S. Life is not so easy. Performing a reduction 

with respect to S may require looking at almost all of 3. Just 

identifying 3s is difficult, and will generally take more than a linear 

number of steps in the size of S. 
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II Efficient Implementation 

Although no linear solution seems to exist for a single reduction, there 

is a scheme which will turn out to be linear for a series of reductions. 

Both of the applications for the reduction algorithm actually use it in 

this manner, so this is a good consolation prize. Making a number of 

reductions on the same tree allows the overhead to be averaged out over 

all of the sets. 

The first step toward an efficient algorithm is to identify 3‘s so that 

only pertinent nodes need to be processed. This can be accomplished 

using a bottom-up (leaves toward the root) strategy. The root of 5, has 

been found when all of the pertinent leaves have been accounted for as 

descendants. A naive approach would simply execute the reduction 

algorithm, bottom-up, beginning with the pertinent leaves. 

The prob!em is that if not all the leaves are to be processed, it is 

unclear at a general step when an internal node is ready to be 

processed. All of the pertinent subtrees must have been reduced, or the 

labeling may not be correct. Waiting until al 1 s.ubtrees have been 

reduced will not solve the problem. Some subtrees, the nonpertinent 

ones, will never be processed! A compromise strategy is needed, one 

which doesn’t wait forever, but one which also insures that the 

child-before-parent rule is enforced. Solving this “halting problem” is 

the key to achieving a fast algorithm. During reduction, the algorithm 

must know when to wait for results which will be computed, and, just as 

important, it must know when to continue on, ignoring those results 

which will not be needed. 

One solution is to use a two-pass approach, first identifying the nodes 

to be processed and then, after the information necessary to label nodes 

has been collected, performing the reductions. This second step is 

easy, and is exactly as before. The harder part is the first pass, 

which must identify S, without doing &o much extra work. This is 

accomplished using a w process. 
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Bubb 1 e-UpJ 
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[l] Place each leaf a E S of 3 on the queue to be marked. 

[2] Remove a node n from the front of the queue. It is the next 

candidate to be marked. 

[3] Increment the pertinent child count by one for the parent of n. 

[4] If n is the child of some other node in C$ place the parent on 

the queue if the parent is unmarked and unqueued. 

[5] Go back to step 2 if the queue has more than one entry. Halt 

otherwise. 

Bubble-up will usually mark more than just the partial nodes of 3, but 

only nodes in rs or its handle will be looked at. It may travel quite 

far up the handle before it finally stops. It is easiest to imagine 

this bubbling-up taking place on the extended handle. All nodes are 

then treated equally. Actual implementations will treat the root of 3 

as a special case, stopping the bubble-up if it attempts to pass the 

root. The following theorem places an upper bound on how far up the 

handle this process can continue. 

Lemma 2.6: 

A node is marked by the bubble-up algorithm only if it is in rs or 

it is a node in the extended handle which is no further than i’ 

from the root of 3s. 

Proof: 

By definition, all of the pertinent leaves are in 3,. Thus the 

only nodes which can be marked which are not in the pertinent 

subtree are internal nodes . These must have at least one child 

marked so they must be in the handle. Furthermore, no such node 

is marked until after the root of 8, is marked. 
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When the root is marked its parent in the handle is placed on the 

queue. The parent cannot be marked until all of the nodes already 

on the queue have been processed. Similarly its parent will not 

reach the head of the queue until all of the other nodes placed on 

the queue after the root’s parent and before the grandparent. The 

obvious induction is omitted. 

This is sufficient to show that the number of such nodes in the 

handle is no more than the longest sequence of nodes in rs, since 

once the queue contains only one node, the algorithm halts. 

Bubble-up solves the problem of a first pass. It only looks at the 

nodes which have to be reduced, plus a few extra ones, guaranteed to be 

no more than a factor of two too many. Everything is great, except that 

now the second pass is no longer easy. It has a lot more work to do. 

Too much work! In order for the bubbling-up process to occur at all, 

each node must have a pointer to its parent in the tree, something which 

might not have been required before. Maintaining these pointers is 

quite a chore. The reduction phase must update the pointers every time 

a node receives a new parent: if the pointers are not updated, 

subsequent reductions will not have the correct information. 

Consider the case in which a sequence of nested partial Q-nodes occurs. 

During the reduction phase each child of the lowest Q-node will have as 

a parent every one of the Q-nodes above it. Obviously not every one of 

these changes has to be made, just the last one. Even so the number of 

children for the eliminated Q-nodes may be much, much larger than the 

size of S. Something has to be done to avoid processing nonpertinent 

nodes in this manner. 
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Example 2.9: 

The following tree is particularly bad. It is its own pertinent 

subtree when S = {x.y{. Not only that, reduction requires that 

almost every parent pointer be changed. 

. 
aIt 

. . .a ; bf-.b,f . 

lr* 
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x al-.-al 
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a 

b: . ..b., y 
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ai . ..a lt as . s .a k” 1 al.,.al 
k x y b+b; b;...bf b,+b: 

Updating these parent pointers is one of the major obstacles. 

There is a way to reduce the amount of work required to maintain the 

parent pointers. Children of the same Q-node can be placed in a sibling 

class. Tritter’s algorithm for disjoint set union[Ahol] can then be 

used to keep track of the pointers, maintaining only one for each 

sibling class. Eventually, being nitpicky about details, this will 

reduce the total running time to O(na(n.n)), where a(n,n) is the slowly 

growing, “almost constant” function discussed in [Tarl]. Possibly this 

bound can be lowered still more, although Tarjan showed that for the 

general disjoint set union algorithm the bound is tight. But this 

approach is presented here only as a straw man. There is a better way. 

A slight modification to bubble-up will work without necessitating any 

of the troublesome parent pointers. Specifically, the parent pointers 



2 Trees 67 

can be ignored altogether for the interior children of Q-nodes, although 

pointers are still needed from all of the children of P-nodes and from 

the endmost children of Q-nodes. This idea is due to Lueker and appears 

in [Bthl] and [Lue2]. Lueker’s original formulation of PQ-trees uses 

only Q-nodes of this type, exactly for this reason. 

Removing these parent pointers means that bubbling-up cannot occur from 

an interior child of a Q-node. The process will be temporarily w 

at that node. Before the process can continue, one of the endmost 

children must be reached, causing the process to become 

Keeping track of the blocking and unblocking requires some additional 

work, but the results are worth the added expense. If the tree is 

reducible, 3, can be identified in what turns out to be not much time at 

all. 

As the algorithm progresses, a node can be in one of four states: 

unmarked, queued, blocked, or unblocked. The blocked nodes will be 

interior children of Q-nodes whose parent pointer cannot be determined 

until after one of the immediate siblings has been processed. The node 

becomes unblocked if one of the endmost children is processed and the 

parent pointer can be propagated across a chain of pertinent siblings. 

A blocked counter is maintained to keep track of these nodes. The 

blocked count is the number of consecutive blocks of blocked nodes, not 

simply the number of blocked nodes. Thus three adjacent blocked nodes 

count as one block. This may sound a bit confusing, but it should be 

clearer after a detailed explanation of the bubble-up. 

Bubble-Up II 

[I] Assume that each node is initially unmarked. Place every leaf 

a E S on a queue and mark it pertinent. Set the blocked count 

to zero. 

[Z] Remove a node n from the front of the queue to be processed. 

[3] Select the appropriate case below and perform the indicated 

operations. Exactly one case will always apply. 

Case 1: 
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If n is the child of a P-node mark n unblocked and increment its 

parent’s pertinent child count. 

Case 2: 

If n is an interior child of a Q-node, examine its two immediate 

siblings and select the appropriate subcase below, depending 

upon how the siblings are marked. 

a) Neither sibling is marked. Mark n blocked and increment the 

blocked count by one. 

b) Only one sibling is marked. Mark n the same. Increment the 

parent’s pertinent child count if n is marked unblocked. The 

blocked count remains the unchanged. 

c) Both siblings are marked blocked. Mark n blocked and 

decrement the blocked count by one. 

d) Both siblings are marked unblocked. Mark n unblocked. The 

blocked count remains unchanged. 

e) The two siblings are marked differently. Beginning with n 

and moving left or right as appropriate, mark unblocked n and 

every sibling encountered until finding one which is not 

marked blocked. Increment the parent’s pertinent child count 

once for each inter ior node which is changed to unblocked. 

Decrement the blocked count by one. 

Case 3: 

If n is an endmost child of a Q-node mark it unblocked, 

increment its parent’s pertinent child count. If its sibling is 

marked blocked, mark the sib1 ing and all adjacent blocked 

siblings unblocked, then decrement the blocked counter by one. 

The blocked counter remains unchanged otherwise. Increment the 

parent’s pertinent child count once for each interior node which 

is changed to unblocked. 

[4] If n was not the interior child of a Q-node append its parent 

to the tail of the queue if the parent is unmarked and unqueued. 

[51 Go back to step 2 unless the queue is empty or it has exactly 

one entry and the blocked counter is zero. Otherwise halt with 

the message “irreducible” if the blocked count is greater than 

one and “reducible” if it is no greater than one, creating a 

m. whose chi ldren are all the blocked nodes, when the 
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blocked count is exactly one. 
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A few points have been glossed over. Each time a node was marked 

unblocked the pertinent child count was incremented for the parent; even 

if the node was interior. This is al 1 right, though, because the 

pointer to the parent was only used after the child was marked 

unblocked. If the correct parent pointer is propagated from the endmost 

child as each interior node is marked unblocked, all of them will have a 

valid parent pointer when the second reduction pass is made. The 

pertinent child count is maintained precisely so that the reduction pass 

will be properly sequenced. 

The pseudonode is a slight trick. It is created only if the blocked 

count is still one when the queue empties. This happens when the root 

of the pertinent subtree is a doubly partial Q-node. A pseudonode must 

be created because none of the interior children have a valid parent 

pointer. This doesn’t matter. The pseudonode will work just as well. 

its pertinent chi Id count is set to be equal to the number of blocked 

nodes, and each of these has its parent pointer set to the pseudonode. 

The reduction phase can then splice the pseudonode’s children back into 

the tree after it is finished and no one is the wiser. The exact 

details are left for the program in the appendix. 

This version of bubble-up clearly does everything it should. The only 

question is whether it does too much. This is easily answered. 

Bubble-Up I I labels a tree exactly the same as bubble-up I. It still 

traverses only the pruned pertinent subtree and its handle. 

Lenrna 2.10: 

A node is marked by bubble-up II only if it is in !& or it is a 

node in the handle which is no further than I* from the root of 

3s * 

The same time bound as in bubble-up I applies. It follows immediately 

from the lemma since the work at each node is clearly O(1). 
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Rubble-Up II requires O(lS,l) steps. 

This form of bubble-up does not use any parent pointers from interior 

children of Q-nodes. The pointers can be deleted entirely from the 

tree, without effect. The reduction phase can be accomplished using a 

scheme similar to bubble-up. If each child of an internal node adds one 

to the pertinent child count of its parent when it is marked, the 

problem of when to process the parent during reduction goes away. A 

parent is only queued for processing when all of its pertinent children 

have been accounted for by earlier reductions. The “halting problem” 

posed earlier has been sidestepped! Counting the number of pertinent 

children in a separate pre-pass accumulates all of the information 

necessary to correctly sequence the second pass, where the actual work 

of reduction is performed. 

Pruned Tree Reduction 

[I] Assume that each node of Ss has been labeled by the bubble-up 

Cpwe 871. If bubble-up returned an answer “irreducible,” set 

S to be the null tree and halt with the answer “irreducible.” 

Otherwise place every leaf a E S on the queue. 

[Z] Remove the node n at the front of the queue to be processed. 

[3] Classify n as in step 3 of the normalization algorithm for 

formulas [page 181. and replace it in 3 using the templates of 

the tree reduction algorithm [page 561. Halt with the message 

“irreducible” if no template applies. 

[4] If n has a parent which was labeled by bubble-up, decrement the 

pertinent children count by one for the parent. Place the 

parent on the queue to be processed if the resulting count is 

zero. 

[5] Go back to step 2 if the queue is not empty, otherwise halt with 
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Although this second version of the tree reduction algorithm may seem 

more compl icated with its two separate passes, it actually does less 

total work and accomplishes the same goal. The verification of this 

last claim is quite easy. 

Lenma 2.12: 

produces exactly the same result as the 

orithm. 

Pruned tree reduction 

basic :ree reduction alg 

Proof: 

The only way that Bubb e-Up II can return with a failure is if 

some non-root node is doubly partial. The correct answer, 

“irreducible,” is returned in this case. Otherwise the same 

labels are used and the same templates. 

g!J 

Proving a linear time bound is a bit harder, but only a matter of 

carefully counting up all of the work. Reduction encounters two types 

of internal nodes as it travels up 3s. v are those which are 

within the pertinent subtree and which have at least m pertinent 

children. They cause no trouble. M, on the other hand, are 

internal nodes within the pertinent subtree which have only one 

pertinent child. Given a tree 3, the total number of unary nodes 

encountered during reduction for the set S is defined to be 6,. Note 

that, although this is obviously a function of both the tree and the 

set, only S is used as a subscript, the tree being understood. 

The trick to proving a low time bound for reduction is to count the work 

done on unary nodes separately from the work for binary nodes. Prom the 

previous examples, it is clear that the unary nodes are exactly the 

reason the reduction is not linear in the size of S. The next result 

tells how to perform this accounting. 
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Pruned tree reduction requires O(ISl+6,+1) time to S-reduce a tree 

3. 

Corollary 2.11 states that the first pass, the bubble-up, takes 

on.ly O(Ss) steps. It was already claimed, without proof, that the 

reduction phase had the same time bound. This is easy to verify. 

Claim* A 

Each time step 3 of the pruned tree reduction algorithm is invoked 

it requires only O(1) primitive operations. 

Proof of claim: 

All of the work is obviously involved in changing pointers. A few 

tricks are all that are needed. Consider case 2c, in which a 

P-node is replaced by a Q-node. There appear to be a large number 

of pointers changed. But these are either pointers from full 

nodes, in which case the work can be charged against the full 

node, or else they are empty or partial. If the original P-node 

is used as the new P-node having all of the empty nodes, none of 

their pointers have to change! 

All that remeins is the partial node. All of its children have a 

new parent, but it was agreed that no interior pointers would be 

kept. The only work is linking the endmost children into a 

sib1 ing chain. This is easy; there are only two endmost children 

for each Q-node. Al 1 of the other cases are exactly the same. 0 

This just about wraps it up. The tree gs has at most 0( I S( ) nodes 

after it is reduced because every reduced node is full, except for 

the root, and hence has at least two pertinent children (it is 

binary). All the other work is for deleting unary nodes, and this 

is exactly what 6, counts. 
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For a single reduction this is the best bound that can be given. The 

bad news is that the tree in example 2.9 wil ! have to delete all but one 

of its internal nodes. The good news is that this can’t happen very 

of ten. If a sequence of reductions is performed on the same tree, there 

cannot be too many nodes deleted. 

Theorem 2.14: 

Pruned tree reduction requires 

O(m+n+i JSj I) 

j=l 

steps to reduce a tree 3 with respect to the sets S,..~*.S,, when 

2 = lal,...,a,]. 

Proof: 

From lemma 2.13 the total work is bounded above by 

n 

o(mtC(lsjl + 6,1+1)) 

j=l 

This is almost the desired expression. Somehow, all of the 6,. 
1 

terms have to be eliminated. 

At any time there are at most m nodes in the entire tree, so when 

a series of reductions is begun the total number of Q-nodes 

present can’t be any greater than m. Every Q-node which is 

deleted must either have been in the tree originally, or else must 

be created by a previous reduction step. The total work 

eliminating nodes is thus bounded above by the number of original 

nodes plus the work performed by all other parts of the algorithm. 

This implies a total number of steps which is linear in the given 

expression. 
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It is beyond the scope of this thesis to present all of the details for 

the lattice operations. There are more important applications for the 

reduction algori thm which have yet to be examined. It is possible, 

however, to use the same basic strategy seen in pruned tree reduction to 

compute either the meet or the join of two arbitrary PQ-trees over the 

same alphabet. An algorithm for the meet will be given without a proof 

of correctness or liming, but it is linear in the sizes of the trees, 

and therefore O(m). 

The meet algorithm is controlled by the same type of queueing mechanism 

which is used in reduction. The items on the queue are not single 

nodes, however, but are pairs of nodes, one from each of the two trees 

being reduced. Sometimes the second node of a pair will even be a 

sequence of consecutive siblngs. This is explained below. 

Cl] Let 3, and 32 be PQ-trees. Indicate nodes of 3, by a subscript 

1 (nl) and nodes of CJz by a subscript 2 (n,). For every atom a 

in the alphabet X, place the pair of leaves (al,az) onto a queue 

for processing. 

[Z] Select the pair of nodes (nl.n& at the head of the queue. 

[3] Add (nl ,nz) to the 1 ist for the parent of n1 in 3,; call the 

parent rip. 

c41 If nl was the only child of np which was not on the parent’s 

list, then reduce & by the nodes in the set 

{ n2 1 (nl.ng) is on the list for np >, 

For efficiency, the reduction should start at these nodes, 

pretending that they are leaves of $. If the reduction fails, 

set & to be the null tree and halt with the answer 

“irreducible.” Otherwise append the pair (nP,n$) to the tail of 

the queue. n$ is the root of the reduced pertinent subtree in 

32 * If the root is a partial Q-node, ns will actually be a list 
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of the adjacent full children. 

151 Go to back to step 2 if the queue is not empty. Otherwise halt 

with the answer “meet computed.” 

When the algorithm halts the tree 9, will have been transformed into the 

meet of the original two trees. If the trees are mutually irreducible 

this will be the null tree. Linearity is isnnediate because each tree is 

only scanned once, from leaves-to-root. The calculation of the join is 

similar, although a bit trickier. No algorithm is given here. At this 

writing all of the details have not been worked out. It appears that 

there is an O(na(n,n)) implementation. Further results will be reported 

in subsequent papers. 

A 1 inear-t ime algorithm has been given for computing a sequence of 

reductions on a PQ-tree. If the original tree is a universal tree, this 

becomes an algorithm for computing S,...S,, the PQ-formula corresponding 

to the class of arrangements in which all of the sets are consecutive. 

This is a problem which has a number of applications. The next three 

chapters will be devoted to these. 

This completes all of the background material. A few of the details may 

be missing, but the important points have hopefully all been touched 

upon. A complete implementation of the entire pruned tree reduction 

algorithm incorporating bubble-up with blocking is included in the 

appendix. It should answer any remaining questions about the aigorithm. 



The idea of a planar graph is quite familiar. A graph G = (V,E) is 

m if and only if it can be drawn in the plane with no edge 

crossings. A number of algorithms have been proposed to test a graph 

for planarity. Hopcroft and Tarjan have published an algorithm for this 

problem which runs in time which is a linear function of the size of a 

graph[Hopl]. Before their paper, one of the better algorithms was the 

test devised by Lempel, Even, and Cederbaum[Leml]. Although no bound 

was given in their original article an O(n2) running time is easy to 

implement. Even has subsequently pointed out that the algorithm has 

been implemented to run in linear time, but the result was not 

published[Eve2]. This chapter will show how the pruned tree reduction 

algorithm can be used to speed up the Lempel, Even. and Cederbaum test 

to so that it runs in linear time. 

I Graphs 

A brief notational review is in order. The graph G = (V.E) will always 

have a set of a denoted by the set 

78 
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and its gz wi 11 be the set E. The edges are either sets li.jl of 

vertices, for the normal v. or else ordered pairs (i.j), 

for the w. As can be seen, there are n vertices. The 

number of edges will be represented by e. Using these conventions, the 

vertex set is just a set of integers. This is convenient in a number of 

places. Frequently the vertices are numbered in 2 particular order 

having desirable properties. More about this later. A m will 

always mean the induced subgraph of a set of vertices; every edge 

between the selected vertices is included. This is not the most common 

definition, but it is one which is useful for what follows. 

It may not be immediately obvious that graph planarity is related to the 

linear arrangement problems discussed in chapters 1 and 2. Although a 

planar representation is a two-dimensional arrangement of the graph it 

can be reduced to a one-dimensional problem by considering the edges of 

the graph in an appropriate order. A few preliminary results will show 

how to make this simplification. 

A graph is M iff every subgraph which results from deleting a 

single vertex, and its incident edges, is connected; there is a path 

joining any two different vertices which does not pass through the 

deleted vertex. The biconnected are the maximal biconnected 

subgraphs. Readers unfamiliar with this notion, or any of the other 

definitions for graphs might consult either [Ahol] or [Har!]. 

Theorem 3.1: 

A graph G = (V,E) is planar iff each of its biconnected components 

is planar. 

Proof=> : 

Any subgraph of a planar graph is obviously still planar. 
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Proof <=: 

It is an elementary theorem of graph theory that the biconnected 

components form an acyclic graph. Every acyclic graph is 

trivially planar so the planar representations for the biconnected 

components can be pieced together to form a planar representation 

for ‘the entire graph, provided some care is taken when choosing 

the outer faces. 

The biconnected components can be found in O(n+e) steps using 

depth-first search[Ahol]. Moreover, each component can be presented in 

a particularly convenient form; whenever two vertices s and t are 

adjacent an w of the vertices V = Iv~,***v,~ is one in which 

vertex s is numbered 1. vertex t is numbered n, and for any other vertex 

numbered j there are vertices numbered i and k such that i < j < k and 

both i and k are adjacent to the vertex numbered j. 

Theorem 3.2 (Lempel-Even-Cederbaum): 

For any two adjacent vertices s and t in a biconnected graph there 

is an s,t-numbering. 

The s, t-numbering corresponds to an orientation of the edges in which s 

is the unique source vertex and t is the unique sink vertex. This 

result appeared in [Leml]. An algorithm for computing an s.t-numbering 

using only O(n+e) steps appears in [Evel]. 



3 Planarity 79 

Example 3.3: 

The following graph is biconnected. The numbering of the vertices 

is already a 1.5-numbering because vertex 1 is adjacent to vertex 

5 and every other vertex is adjacent to at least one higher 

numbered and one lower numbered vertex. 

This graph will be used later as an example. Its edges will be 

considered to be directed upward, from a lower numbered vertex to 

a higher numbered vertex. 

II A New Implementation 

If the edges of the graph are examined in an order consistent with the 

s,t-numbering, each edge only has to be examined twice, once for each 

incident vertex. In this manner a planar representation can be built 

up* edge-by-edge. As the edges for each vertex are added to the graph 

the edges along the “growth front” of the graph can be considered tc be 

in a 1 inear arrangement. This is where the FQ-tree algorithms are 

helpful. The next algorithm is a restatement of Lempel , Even, and 

Cederbaum’s planarity test. 

Their concept of reduction is slightly different than that used here, 

but steps 2 and 3 of this algorithm are equivalent to steps 2 and 3 of 

their algorithm. A slight reshuffling of operations between the two 

steps is all that has occurred. The algorithm proceeds by adding edges 

to the graph according to the order determined by the s,t-numbering. 

Edges leaving vertex 1 are added first. At a general step the edges 

leaving vertex k are added. 
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Edges form the alphabet, which is constantly changing. The FQ-formula 

has an atom for each edge currently being considered. Step-by-step the 

edges entering a particular vertex are brought together; this is the 

reduction operation. Once al 1 of the edges entering the vertex are 

known to be consecutive along the “growth-front” of the graph, ihey are 

replaced by the edges which leave the vertex. A complete interpretation 

of the formulas at each step within the algorithm is provided in [Leml]. 

Planarity 

Cl] Let G = (V.E) be a biconnected graph with an s.t-numbering. 

Consider each edge to be directed from its lower numbered vertex 

to its higher numbered vertex. Set q~ = (el---el) where each ej 

is an edge of the form (!,ij). Set k = 2. 

[2] Let S = {e 1 e = (j .k)}. Reduce (o with respect to S. If q is 

irreducible halt with the answer “nonplanar.” 

[3] Delete all of the edges of S (they are consecutive) from the 

reduced cp. Also delete any bracketing surrounded by these 

edges. Replace the deleted pieces with the product (el..-ej). 

where each ej is an edge leaving k; ej = (k.ij). If this 

replacement produces an improper formula, use the appropriate 

substitution, as in the reduction algorithm, to insure a proper 

formula. This is the new (p. 

[4] Set k = k+l. If k<ngobacktostep2. Otherwise halt with 

the answer “planar.“ 

A few points are worth noting. The fact that G has an s. t-numbering 

means that each time step 2 is executed S will be a non-empty set. 

Similarly, when step 3 is performed, the product will contain at least 

one new edge. The algorithm is thus well-defined and it must either 

process every edge of the graph, halting with the message “planar.” or 

else it must stop during some iteration of step 2 and give the message 

“nonp 1 anar . ” 
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Example 3.4. L 

ei 

Using the graph from example 3.3 the planarity algorithm proceeds 

as follows. The initial tree is a P-node with three leaves. 

This is already (1 2) -reduced. 
-i ’ 1 

The replacement of step 3 yields 

the next tree. 

This must be {(1.3),(2.3)}-reduced. The result is the tree below. 

n 

/A (2,3) (f*3) 

(2.4) (295) 

Replacement then yields the tree below. 

n 

Cv5) 
(2.4) (2.5) (3.4) (3~~) 

The last reduction is with respect to {(2.4).(3.4)}. 

(2,5) (2.4) (3.4) (3*5) 



3 Planarity 82 

The last replacement leaves the tree with only edges going into 

the sink vertex 5. 

(2.5) (4.5) (3.5) 

The algorithm halts with the message “planar,” surely the correct 

response in light of the planar representation initially given in 

example 3.3. 

The example is for a planar graph. Note that if the edge (I,4) is added 

to the graph it becomes K,. one of the two forbidden subgraphs of 

Kuratowski’s theorem[Kurl]. K, is known not to be planar. The 

interested reader should repeat the example using this second graph. 

Does the algorithm halt with the message “nonplanar?” 

The uninterested reader will not be kept in suspense. The next theorem 

is stated without proof. It appears in [Leml] as their main result. 

Theorem 3.5 ( Lempel-Eveu-Cederbaum) : 

A biconnected graph G is planar iff the planarity algorithm halts 

with k = n. 

Correctness is not the issue here. The difference is in the timing. 

The key observation to make is that step 2. the reduction, is exactly 

the operation performed by the tree reduction algorithm of the last 

chapter. Using it as a subroutine, the entire planarity test can be 

performed in linear time. 

This is not an immediate consequence of theorem 2.10. The reductions 

performed here are not all on the same tree! Each time step 3 is 

executed the alphabet I: is changed. Lemma 2.13 can be used to prove a 

result similar to theorem 2.10 which will demonstrate the desired bound. 
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Theorem 3.8: - 

Given a biconnected graph G the planarity algorithm requires at 

most O(n) steps. 

Proof: 

Another standard result from graph theory is that any planar graph 

has at most 3n edges. Thus step 1 requires only O(n) steps, since 

it is easy to insert a check to handle the case of too many edges. 

Except for the actual work performing reductions, the rest of the 

algorithm is also proportional to the number of edges and hence 

O(n). It remains only to show that all of the reductions can be 

performed in the given number of steps. 

From lemma 2.13. the total time spent in reduction is given by 

n-l 

o(c(Isjl + 6Sj+1)) 

j=2 

The ISj 1 terms all sum to O(e). All of the other terms are work 

spent deleting nodes. The same argument presented in theorem 2.10 

applies here. Nodes cannot be deleted if they are not first 

created. The tree initially has no nodes, so the total number of 

nodes ever created is bounded above by O(e). This implies that 

the sum of the 6, 

is O(n). 
J 

‘s is also bounded by O(e), and hence everything 

The question of optimality will not be examined very closely here. 

Without formalizing a computational model which includes algorithms 

using edge lists, it is difficult to rigorously verify the intuitive 

notion that any correct algorithm must look at almost all of its input. 

This is a much easier task for algorithms which use the adjacency 

matrix. The next result is simply cited here for completeness. 
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Theorem 3.7 (Best-van Emde Boas-Lenstra); 

Any algorithm which correctly tests a graph on n vertices for 

planarity must examine O(n2) of the entries in the adjacency 

matrix. 

The proof of theorem 3.5 is based on geometric arguments, properties of 

closed Jordan curves, etc. It does not use Kuratowski’s result[Kurl]. 

Theorem 1.18 is a structure theorem for reducible formulas. It has the 

same flavor as Kuratowski’s structure theorem for planar graphs. 

Possibly this could be manipulated into a new, perhaps simpler proof for 

Kuratowski’s theorem. Theorems 4.16 and 5.6 are both examples of such a 

technique. 

This chapter is intentionally short. The planarity algorithm offered 

here is not new; it is identical to the Lempel , Even. and Cederbaum 

algorithm. What i s new is the implementation. Using pruned tree 

reduction to implement step 2 of the planarity test provides an overall 

linear bound for the algorithm. The main point to be made is that 

planarity testing is a practical application for the theory developed in 

the first two chapters. The next chapter will discuss some more 

applications. 



This chapter will introduce a number of properties for matrices and will 

examine the time required to test for these properties. All are related 

to the consecutive ones property, which was first defined by Fulkerson 

and Gross[Full] as part of a recognition algorithm for interval graphs, 

the topic of chapter 5. The consecutive ones property is of interest in 

its own right, and there are a number of applications other than testing 

for interval graphs. Var i ous other properties have been studied which 

reduce to the question of consecutive ones. Among these are the 

circular ones property[Rysl] and the circularly-compatible ones 

property[Tuc2]. Not all matrices satisfy these special conditions, so 

some generalizations have been made which are useful for approximating 

the stricter definitions. Most of these extensions give rise to 

NP-complete problems. 

I Matrix Properties 

An mxn (O.l)-matrix M has the consecutive 

iff there exists a permutation matrix P such that, in each column of PM, 

all of the ones form a consecutive sequence. That is, no two ones 

within a column are separated by a zero also in that column. 

85 
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Example 4.1: 

Both of the following matrices have the consecutive ones property. 

The left matrix is already in consecutive form. The right matrix 

can be rearranged so that it is in consecutive form. 

0 1 0 1 

1 1 0 1 

1 1 1 1 

1 0 1 1 

0 0 0 1 

1 1 0 1 

0 1 0 1 

1 0 1 0 

1 1 0 1 

0 0 1 0 

This is accomplished by interchanging the first and second rows 

and then the third and fourth rows. No rearrangement works for 

the next two matrices. 

1 0 0 0 1 

1 1 0 0 0 

1 1 0 0 0 

0 0 1 1 0 

0 0 0 1 1 

1 0 0 1 0 

1 1 0 1 1 

0 1 1 1 1 

0 0 1 0 1 

0 0 0 1 1 

86 

Neither one has the consecutive ones property. 

A matrix which has consecutive ones without any rearrangement of its 

rows is in &&&&J&@. This name is derived from a problem in 

archeology which was first posed in lBQ9 by Flinders Petrie[Kenl]. 

Given a collection of graves and a variety of artifacts which occur in 

the graves, an mxn (0,l)matrix can be defined having 
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1, if the jth artifact E the ith grave 

mi,. = 
J 

/ 0, if the jth artifact 9 the ith grave. 

Assigning a chronological ordering to the graves is called m 

w. If each grave contains exactly the set of artifacts that 

existed during the period in which the grave was filled, the correct 

sequence dating would result in a matrix whose columns have consecutive 

ones. Turning this idea around, a sequence dating which achieves 

consecutive ones is a likely candidate for being the actual chronology; 

hence the interest in consecutive ones algorithms. 

The chances of such a perfect archeological record are remote, however, 

so the real interest is in matrices wh i ch only approximate the 

consecutive ones property. This generalization will be analyzed after 

the exact consecutive ones problem has been discussed. 

An application closer to computer science is in the field of information 

retrieval. Ghosh has examined query systems for which optimal storage 

schemes can be achieved on disk- or drum-like devices[Ghol]. An 

information retrievm consists of a collection 

R = IrI.r2,...,r,{ 

of records and a family 

of m. Each query is a subset of R. A record is w to a 

particular query only ii it is one of the records in the query. The 

p, M2, uer is defined to be the mxn (O.l)-matrix having 

1. if ri E Qj 

m. = 
I*1 

0. if ri f~ Q,. 

Records can be arranged linearly so that each query is a consecutive set 

iff M, has the consecutive ones property. 
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Such a storage layout is optimal in the sense that each query requires 

only one positioning move (seek operation) every time the pertinent 

records are fetched. Ghosh coined the phrase consecutive 

pJyJg-& to describe query systems having such an optimal 

arrangement[Ghol]. This is clearly just a restatement of the 

consecutive ones property. 

Most actual. systems will not have the consecutive retrieval property, 

but testing for the special case is of some interest. The general case 

of assigning storage, even when the query matrix does not have the 

consecutive ones property. is discussed further in [Eswl] and [Ghol-41. 

A final example involves what has been called the v of 

parsing tables[Jenl]. Compi ler generating systems routinely turn out 

table-driven parsers for various subclasses of the deterministic 

context-free languages. One description of a parsing machine is the 

state transition matrix for the automaton. Looking at the zero / 

nonzero structure, an efficient storage scheme will order the states (or 

symbols) in such a way that each column (or row) has consecutive ones. 

A number of other applications should come to mind in which it would be 

convenient to arrange objects so that various sets of them appear 

consecutively. The rest of this chapter wi 11 concentrate on a 

mathematical treatment of this idea, the consecutive ones property, and 

also some of its variants. For the most part, the terminology is that 

of Fulkerson and Gross in [Full]. 

An efficient test for the consecutive ones property is a straightforward 

application of the pruned tree reduction algorithm [page 701, and can 

be solved using the techniques developed in chapter 2. 

Lema 4.2: 

If M is an mxn (O.l)-matrix, let 

1 = 11.,2,...,mj 

and let 

9, = (Sj = li 1 rni,! = 11 I j=1,2.....n!. 
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M has the consecutive ones property iff the PQ-formula 

is not the null formula. 

It is easy to verify, using the definitions plus properties of the 

reduction algorithm, that all of the following are equivalent 

statements: 

(1) M has the consecutive ones property. 

(2) There is a permutation of the rows of M in which all of 

the columns have their ones consecutive. 

(3) There is an arrangement of 1 in which all of the sets Sj 

are consecutive. 

(4) The PQ-formula (Do is not the null formula. 

The lemma is simply the equivalence of the first and fourth 

statements in this list. 

Lenmia 4.2 shows that one way to test a matrix for the consecutive ones 

property is to construct a universal PQ-tree having m leaves, one for 

each row, and then repeatedly reduce the tree with respect to the 

columns of the matrix. If all of the reductions can be performed, the 

matrix has the consecutive ones property. If any reduction fails, the 

matrix cannot be placed into Petrie form. In the case of success, a 

single permutation matrix P can easily be reconstructed in linear time 

from the tree which is left at the end of.the algorithm. Even better, 

,a1 of the admissible permutations can be enumerated, in only the time 

required to print the results, by exhaustively obtaining al 1 

orientations of the PQ-tree. 
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Theorem 4.3: 

Given a list of its e nonzero entries, an mxn (O.l)-matrix M can 

be tested for the consecutive ones property in O(m+n+e) steps. 

Use the procedure outlined in lemma 4.2. The sets described there 

can be constructed in O(n+e) steps from the list of nonzero 

entries. The reductions require only O(m+n+e) steps if pruned 

tree reduction is used. By the preceding lemma. this is a 

complete test for the consecutive ones property. 

When M is not given as a list of nonzero entries the algorithm cannot 

capitalize on the sparseness of M. A slightly longer running time 

results, but one which is still linear in the total size of the matrix. 

Corollary 4.4: 

An mxn matrix M can be tested for the consecutive ones property in 

O(mn) steps. 

This follows immediately from the theorem because mn is an upper 

bound for e. 

QED 

Proving optimality for this algorithm is a bit tricky. Intuitively, any 

algorithm which performs a consecutive ones test must examine all of its 

input. Pinning down the exact computational model is awkward, however, 

especially if edge lists are involved. It is easier to make statements 

about algorithms which operate only on the matrix itself. 

The Aanderaa-Rosenberg Conjecture[Besl, Rsnl] attempts to formalize this 
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idea for general graph properties, claiming that every nontrivial, 

monotone property of undirected graphs requires O(n2) probes of the 

adjacency matrix. Rivest and Vuillimin proved that such a graph 

property will indeed require O(n2) probes for some graph having n 

vertices[Rivl]. Theirs is a theorem about graphs, but the consecutive 

ones property can easily be cast as a bipartite graph property. This is 

done in [TucS]. 

G = (V,.V,,E) is a w with disjoint vertex sets V1 and V, 

iff all of the edges E are of the form 

li*jl where i EVi and j E V2. 

The correspondence with matrices is obvious. Rows in the matrix are the 

vertices of V, and columns are the vertices of V,. Adjacency is 

determined by the nonzero entries in the matrix. The results of Rivest 

and Vuillemin can then be used. 

Example 4.5: 

As an example consider the following matrix. 

1 0 0 0 

1 1 1 0 

1 0 1 1 

0 1 1 0 

0 0 1 1 

r1 
I 

P’\ 
,r*\ ,r3\ 

c2\ Y3\ / C4 

r4 r5 

Its bipartite graph is given on the right. The rows are the 

vertices ri and the columns are vertices cj. This particular 

matrix does not have consecutive ones. Its bipartite graph is the 

same as one of the forbidden subfamilies in theorem 1.16. More 

about this later. 
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Using someone else’s theorem is always the easiest way out. 

Unfortunately. the hypothesis doesn’t apply here. The consecutive ones 

property is not a monotone graph property. That is, given a matrix 

(bipartite graph) which has the consecutive ones property. matrices 

which do not have consecutive ones can be obtained either by deleting 

ones from the matrix or by adding ones. The conclusion of Rivest and 

Vuillemin is still true, however, and can be proven using ad hoc 

arguments specific to this problem. A number of such results are 

included in [Besl]. The result here can most probably be sharpened 

considerably, but is sufficient to show optimality to within an order of 

magnitude. 

Theorem 4.6: 

Let m and n L 3. Any algorithm which correctly tests an mxn 

matrix for the consecutive ones property, using only the matrix 

itself as input, must examine O(mn) of the entries. 

Proof: 

Assume that some algorithm correctly tests any mxn matrix without 

examining at least $nn-2(m+n-2) of the entries. A contradiction 

will be derived. 

Claim* A 

No 3x3 submatrix of a matrix with consecutive ones can look like 

the following matrix. 

i 0 110 10 1 1 1 1 
Proof of claim: 

By inspection, the reduction algorithm fails on this matrix. 

Adding extra rows and columns can only make things worse. fJ 

Consider a matrix of all ones. Partition it into 3x3 blocks. The 

algorithm must guarantee that none of these blocks is the matrix 
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above. To do so, it has to check at least three ones within each 

block before it can differentiate a 3x3 block of ones from the 

illegal matrix. This requires examining about one third of the 

total entries. The expression above is a more precise lower 

bound. 

QED 

This last result more or less disposes of the question of an optimal 

test for consecutive ones, at least as far as algorithms operating only 

on matrices are concerned. Any matrix having the consecutive ones 

property can be recognized in linear time, and those which do not can 

also be detected. But there is more to be said about the failure cases. 

Since not all matrices can be placed in Petrie form, it is reasonable to 

look at modifications of the definitions which may be more easily 

satisfied by arbitrary matrices. The next section of this chapter will 

examine different ways in which the conditions can be relaxed, and also 

review the proof of a structure theorem characterizing matrices which 

fail to have the consecutive ones property. 

There are a number of possibilities for relaxing the conditions. Ryser 

defined a circular analog. saying that an mxn (O.l)-matrix M has the 

mt m iff there exists a permutation 

matrix P such that, in each column of PM, all of the ones form a 

consecutive sequence, where the sequence is allowed to wrap around the 

top and bottom of the column[Rysl]. That is, if the column is treated 

as a continuous circular band, no two ones are separated from each other 

by two zeros in that same column. This condition includes consecutive 

ones as a special case, but also admits matrices which do not have the 

consecutive ones property. 
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Example 4.7; 

All of the matrices in example 4,1 have the circular ones 

property, even the ones which don’t have consecutive ones. These 

are clearly in circular form already. 

1 0 1 1 0 

0 1 1 0 1 

0 0 1 1 1 

1 0 0 1 1 

1 0 1 0 0 

0 1 0 1 0 

1 1 1 0 0 

0 1 1 1 1 

1 0 1 0 0 

1 0 1 0 0 

Not all matrices have circular ones, however, since neither of the 

two shown above have any permutation of the rows in which all the 

columns are circular. 

Tucker has shown that the circular ones property can be reduced to the 

consecutive ones property[Tuc2]. His reduction forces at least one row 

of the matrix to be all zeros, effectively removing the freedom to wrap 

around and eliminating the truly circular case. Let xc denote the one’s 

complement of a number. Given a matrix M, and a particular row k. 

define a new matrix M’ using the rule 

if mk,j = o 

mT, j if mk,j = I’ 

Each column of M having a one in the kth row is complemented. This has 

the effect of setting every entry in row k to zero, the ones being 

complemented to zeros and the zeros remaining unchanged. This is 

desirable for the following reason. 
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Theorem 4,8 (Tucker): 

A matrix M has the circular ones property iff M’ has the 

consecutive ones property. 

Proof =>: 

Suppose that M has the circular ones property. There exists a 

permutation matrix P such that PM has circular ones in each 

column. Let P’ be the permutation matrix obtained from P by 

pre-multiplying with yet another permutation matrix which 

cyclically shifts the permuted rows of PM until the original kth 

row is at the top. This in no way affects the circularity of ones 

in the columns. 

Complementing any particular column does not affect circularity 

either, since both the ones and the zeros are circular. Thus P’M’ 

has circular ones. But the top row, which used to be row k of M. 

is now all zero. This precludes the possibility of any column 

having ones which actually wrap around. P’M’ is thus in Petrie 

form, and hence M’ has the consecutive ones property. 

Proof <=L 

If PM’ has consecutive ones, it automat ical ly has circular zeros. 

Complementing columns doesn’t change the circularity of either the 

ones or the zeros, so PM has circular ones. 

g 

Tucker’s reduction works for any choice of k. If an arbitrary k is 

chosen, the matrix M’ may have a very large number of ones added by the 

complementation. This all by itself could be quite a chore! A careful 

choice of k will avoid this pitfall. 
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Theorem 4.9: 

Given a list of its e nonzero entries, an mxn (O.l)-matrix M can 

be tested for the circular ones property in O(m+n+e) steps. 

Choose a row k having a minimum number of ones. This can be done 

in O(m+n+e) steps by simply maintaining counts of the nonzero 

entries in each row. Form M’ by complementing the appropriate 

columns. This cdn be accomplished by scanning each row in 

parallel with row k. 

Claim- A 

M’ has e’ nonzero entries, where e’ 5 2e. 

Proof of claim: 

Since row k was chosen to have a minimum number of ones, the claim 

is easy to verify. Let ei be the number of ones in row i of M and 

consider what happens to row i. The total number of ones after 

complementation is at most ei+ekv the number of ones in row i 

before complementation plus the maximum number of complementations 

which could occur in any row. But ek 5 ei by assumption. Thus 

e; I 2ei. 0 

The claim guarantees that the complementation requires at most 

O(e) steps and also that the consecutive ones check takes only 

O(m+n+e) steps. Adding up all the work still gives an overall 

bound of O(m+n+e). By theorem 4.8, this is equivalent to testing 

M for the circular ones property. 

Again the lack of information about the sparseness of M increases the 

amount of work which must be done, but no more than before. 
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Corollary 4.10: - 

Any mxn matrix M can be tested for the circular ones property in 

Oh) s teps. 

Tucker def ined two additional variations. These properties are defined 

only for a special type of matrix. The reason this is done will become 

clear later, when the properties are used to characterize families of 

graphs. The definitions which follow actually paraphrase Tucker’s, 

because consistency with earlier definitions demands that a matrix have 

a specified property whenever any suitable permutation of that matrix 

has the property. This is a minor technicality, and does not affect any 

of the results. 

Given a symmetric (O,l)-matrix having ones along the diagonal, let Ui be 

the set of ones that appear in row i, beginning on the diagonal and 

continuing right, possibly wrapping around circularly, until the first 

zero is encountered. Let Vj be the similar set of ones in column j. 

begining on the diagonal and continuing downward until the first zero. 

M has the c iff each one appearing in PMP* is 

in some Ui or Vj of the permuted matrix. 

Example 4.11: 

This following matrix has the quasi-circular ones property, the 

sets Ui and Vj being circled. 
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Th is example is given in 

w 

0 

0 

3 
1 

1 1) 0 0 Q 

I 

C F-3 

0 1 0 

0 1 

0 1 

r 

i 
0 1 

0 1 

Tuc2] 

0 0 0 

1 1 II 

and 

I 

is shown not to have the 

circular ones property. An easy check is to run the algorithm. 

Stricter definitions of Ui and Vj, in which no circular wrap around is 

allowed. lead to the idea of the guasi-consecutive ro ert . 

Apparently, this term has not appeared in the literature. This does not 

mean that the concept has not already been explored! A symmetric matrix 

with ones on the diagonal, having all of its ones accounted for as 

members of the Ui and Vj, is said to have v. Well, sort of; 

the standard definition of dense profile actually has the sets Ui going 

up from the diagonal and the sets Vj going tc the left. 

The reason the standard form was chosen this way will be clearer a f ter 

Gaussian elimination schemes have been examined in the next chap t er. 

Which definition is used makes no real difference since one is just the 

reversal of the other. Not wanting to introduce extraneous terminology 

at this point, it is suggested that the phrase quasi-consecutive ones be 

discreetly retired and reserved only for purposes of comparison with its 

circular counterpart. Dense profile is a more descriptive term anyway. 
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Example 4.12: - 

Here is a matri 

Vj are circled. 

x with dense profile. As before, the sets Ui and 

1110000 

1111000 

li 1 1(g0000 

0 1 0 1 1 1 1 

0001110 

r 

fF 0001111 

0 0 0 1 0 
F 10 

Not every matrix having dense profile has the consecutive ones 

property. The matrix above is a case in point. 

Chapter 5 wi 11 have more to say about both of these properties. In 

particular, there is an O(n+e) test for dense profile, but there is no 

known polvnomial algorithm to test for quasi-circular ones. There is 

good reason to suspect that this may be substantially harder to 

recognize than some of the other variations of consecutive ones. 

Tucker’s second generalization is also for syrmnetric matrices having 

ones along the diagonal. Such a matrix has the circularly 

m iff the ones ones are circular in each column and. for every 

permutation of the rows and columns which is a cyclic shift or inversion 

of their order, the “last” one in the first column does not occur after 

the “last” one in the second column, excluding columns which are either 

all zeros or all ones. The “last” one in a column is the one which is 

followed circularly by a zero. 
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Example 4.13: 

The matr ix below has circularly-compat ble ones. 

100 

1111001 

1111000 

1111100 

1 1 1 1 1 1 1 

0011111 

0001111 

1001111 

Try all of the shifts and inversions. 

This rather complicated property will also be seen again in chapter 5. 

For now it is sufficient to note that a recognition algorithm is no 

harder than for consecutive ones. The proof is in Tucker’s thesis, 

where he shows how to modify a consecutive ones test to check for 

circularly compatible ones[Tucl]. Theorem 4.3 finishes the job. 

Theorem 4.14 (Tucker 21 

O(m2) steps are sufficient to decide whether an mxm matrix M has 

the circularly compatible ones property. 

The eel 7 is simply the requirement 

that every row and column of PI&P* have consecutive ones. The additional 

condition regarding cyclic shifts and inversions of :he rows and columns 

is redundant. It is always satisfied by a symmetric matrix having ones 

on the diagonal if the matrix is in Petrie form. Ncthing new is added 

by the seemingly stronger conditions. Just like quasi-consecutive ones. 

this property has also appeared under a different name in the 
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literature, where it is called monotone. 

Example 4.15: 

The matrix on the left does not have monotone dense profile. No 

matter how the rows and columns are permuted, it will not have 

consecutive ones 

1 1 1 1 

1 1 0 0 

1 0 1 0 

1 0 0 1 

1 1 0 0 

1 1 1 1 

0 1 1 1 

0 1 1 1 

The matrix on the right does have monotone dense profile. All of 

its ones are consecutive in every row and column. 

The history of the consecutive ones property is interesting. Its first 

appearance was in [Full], where Fulkerson and Gross defined it as an aid 

in testing for interval graphs. They also proved something akin to a 

canonical form theorem for matrices which have the property. This 

involved the matrix product M*M. The computation of this product was of 

central importance to their test for consecutive ones. 

M*M gives the inner product of each pair of columns. If the matrix has 

only zeros and ones, the inner product is the number of ones overlapping 

in the two columns. Using these values, the columns can be adjusted, 

one by one, until the entire matrix M has been reconstructed in Petrie 

form. Most of the work involved is in the calculation of the matrix 

product. 

Fulkerson and Gross give an overall bound of O(mn2) for mxn matrices, 

but their work was pre-Strassen[Strl]. Using a faster matrix 

muItipIication, an improved bound characteristic of problems reducible 

to matrix multiplication is obtained, 
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! 
O(m(Log27)-2n2), if m < n 

T(m.n) = 

O(m(l”gz7)-ln), if m 1 n. 

In either case, the algorithm presented here is clearly superior, with 

its worst case O(mn) running time. 

After Fulkerson and Gross published their results, a number of other 

researchers began studying the property. Tucker was able to completely 

characterize matrices having the consecutive ones property using a 

forbidden submatrix approach. The proof here is different than Tucker’s 

in that it is algorithmic, following directly from the results in 

chapter 1. 

Theorem 4.16 (Tucker): 

A matrix M has the consecutive ones property iff it has no 

submatrix whose rows can be ordered to be one of the following 

types of matrices: 
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n+% columns 
1 
1 1 

1 * 
. . 

. . 

0 - 

ML (n 

1 

0 z 
. 
. 

. . 
*I 0 

110 
1 1 

’ 0) 

n+3 
rows 

1000 
1001 
0100 
0 10 1 
0010 
0011 

MlV 

(Th ese are the forbidden. The first three types are 

actually matrix schemata, having a parameter n > 0. while the last 

two are simply matrices.) 

n+2 
rows 

n+3 
rows 

n+2 columns 
1 0 

1 1 1 * 0 : 
. . . 

. . . 

0 1 1 1 
10 

1 

n+3 columns 
1 10 
1 1 1 1 

1 . 0 1 1 
. . . . 

. . . . 
*I 11 

0 1 1 1 1 
10 1 

1 1 

MII, (n > 0) 

Proof. A 

The theorem is an immediate corollary of theorem 1.18. These are 

exactly the five types of matrices which correspond to the five 

types of forbidden subfamilies of normal sets. The matrices are 

the bipartite adjacency matrices for the families. Rows (elements 

of VI> correspond to atoms and columns (elements of V2) to normal 

sets, a matrix element being nonzero if and only if the atom is a 

member of the set. 

The search here for an easy-to-satisfy generalization of consecutive 
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ones has so far been unsuccessful. Most matrices have none of the 

previous properties. What is needed is a “closeness” parameter which 

can be adjusted so that any matrix can be classified according to its 

degree of fit. The remainder of the chapter will be concerned with 

generalizations of this type. 

The fact that the properties are being weakened does not, however, mean 

that testing for the new conditions will be correspondingly easier. On 

the contrary, the tests become much harder! Most of the results which 

follow will be negative. Dealing only with finite structures, problems 

are always solvable, but the solutions can often become totally 

impractical. This is exactly what happens here. 

II NP-Complete Problems 

At the beginning of this chapter, the sequence dating problem of 

Flinders Petrie was cited as a possible application for the consecutive 

ones test. The fact that real-world problems very seldom exhibit such 

ideal characteristics somewhat dampens enthusiasm for this example. A 

more appropriate question, for this and many other related problems, is 

whether an approximately consecutive matrix has been found. There are a 

number of different ways of defining approximate and different 

applications will naturally prefer one over another. Most of these lead 

to NP-complete problems. 

The following result is due to Cook[Cool]: any problem which can be 

solved by a nondeterministic polynomial time algorithm can be reduced in 

deterministic polynomial time to an instance of the problem of 

Cu.(*) satisfiabilit of 

Satisfiability is itself known to be solvable by a nondeterministic 

polynomial time algorithm, but no solution is known which runs in 

deterministic polynomial time. Karp defined the class of NP-complete 

problems as those problems which could be substituted for satisfiability 

in Cook’s theorem[Karl-21. The implication of Cook’s result is that 

(1) It is beyond the scope of this thesis to review all of the theory behind NP-romplete 
problems. The references cited here provide a very thorough discussion and do a much 
better job than will be attempted here. 
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deterministic polynomial time solutions for NP-complete problems are 

1 ike the Three Musketeers. existence for even one implies existence for 

glJ. 

A large number of problems are known to be NP-complete. Additional 

examples, and a general review of the definitions can be found in any of 

[A~oI], [Cool], [Garl], or [Karl-21. For the present development, it is 

sufficient to define a problem as being m iff it has a 

nondeterministic polynomial time algorithm and if, given a deterministic 

polynomial time algorithm for the problem, some other known NP-complete 

problem can be solved in deterministic polynomial time. 

Many NP-complete problems have been studied for years and yet have no 

known polynomial a!gori thm. This is fairly compelling evidence that 

they are, in fact, inherently combinatorial in nature, and that no 

polynomial algorithm exists for any one of them. A typical such 

problem, and one which is useful here, is the following described in 

[Garl]. 

An om for a set V is any numbering of the elements. A graph 

G = (V,E) has a uu if f there 

is an ordering o( of the vertices such that 

C la(i) - a(j)1 i W 

Less formally, the problem is to decide whether there is a numbering of 

the vertices such that weighting edges by the difference of the 

endpoints results in a sum of no more than W. This is a difficult 

problem in the following sense. 

Theorem 4.17 (Carey-Johnson): 

Deciding if G has a simple optimal linear arrangement of weight W 

is NP-complete. 

The generalization of consecutive ones which is of interest for the 
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sequence dating problem is the addition of enough ones to a matrix so as 

to achieve the consecutive ones property. This corresponds to adding 

hypothetical occurrences of artifacts in graves. A good approximation 

will be one which adds a small number of artifacts. Say that a matrix M 

has the 4 iff there exists a matrix 

M’ which has the consecutive ones property and which is identical to M. 

except for at most k entries in which M’ has a one where M has a zero. 

Example 4.187 

These are the same two matrices as in example 4.5. (I 1 1 1 0 1 1 0 1 1 0 0 1 

I 1 0 0 1 

1 1 0 0 

1 1 1 1 

0 1 1 1 

0 1 1 1 

The right one is a 2-augmentation of the left one. Ones have been 

added in the (3.4) and (4.3) positions and then rows (and columns) 

1 and 2 have been interchanged. 

A similar definition can be made for the k-auementedcircular 

m. In both cases the parameter k is a measure of closeness to 

the exact consecutive or circular ones property. Papadimi tr iou has 

independently observed the following result[Papl]. 

Theorem 4.19: 

Deciding if a matrix M has the k-augmented consecutive ones 

property is NP-complete. 
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Given a k-augmentation for M, it is easy to verify that the 

resulting matrix has the consecutive ones property using the 

reduction algorithm [page 701. A nondeterministic algorithm can 

generate a k-augmentation in O(mn) steps by guessing which 

elements to change. This implies that there is a nondeterministic 

algorithm for testing the k-augmented consecutive ones property in 

polynomial time. It must be shown that, given a deterministic 

polynomial time algorithm for testing k-augmented consecutive 

ones, some other NP-complete problem can be solved in 

deterministic polynomial time. Simple optimal linear arrangement 

will serve this purpose. 

Given any graph G = (V,E). and a weight W. construct hi, the 

v for the graph. The rows correspond to vertices 

and the columns to edges, with 

/ 

1, if vi E ej 

m. 1.j = 

0, if vi f ej. 

M will be an nxe matrix if G has n vertices and e edges. 

Claim* A 

G has a simple optimal 1 inear arrangement of weight W iff M has 

the (W-e)-augmented consecutive ones property. 

Proof of claim: 

Note that for any ordering of the vertices (arrangement of the 

rows) the number of zeros between the two ones in each column is 

exactly one less than the difference between the row numbers of 

the two incident vertices. The total number of holes (zeros to be 

augmented by ones) is thus exactly e less than the weight of the 

1 inear arrangement. 0 

Suppose there were a deterministic polynomial time algcrithm which 

decided if a matrix had the k-consecutive ones property. Using 
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the construction above, any instance of simple optimal linear 

arrangement can be reduced in deterministic polynomial time to an 

instance of the k-augmented consecutive ones problem. There would 

thus be a deterministic polynomial time algorithm for simple 

optimal linear arrangement, itself NP-complete. 

QED 

This last result effectively kills any hope for an optimal algorithm to 

test for the k-augmented consecutive ones property. The evidence 

against the existence of polynomial algorithms for all NP-complete 

problems is quite substantial. A similar negative result holds for the 

k-augmented circular ones property. 

Corollary 4.20: 

Deciding if a matrix M has the k-augmented circular ones property 

is NP-complete. 

Proof. A 

Let M be any mxn (O,l)-matrix. Unless k i mn the answer is 

trivial, so consider only problems in this range. Obtain M’ from 

M by adding k+l rows of all zeros. M has the k-augmented 

consecutive ones property iff M’ has the k-augmented circular ones 

property. Constructing M’ takes only O(m%) steps, so any 

polynomial algorithm for the k-augmented circular ones problem 

gives a polynomial algorithm for the k-augmented consecutive ones 

property. 

QED 

It is easy to show that both of these results, and the others which 

follow, are true whether matrices are presented explicitly as zeros and 

ones (as assumed here) or as lists of nonzero entries. The details are 

left to the interested reader. 

Another criterion for approximating solutions arises from the 
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application to information retrieval systems. If a query set does not 

have the consecutive retrieval property there are two different ways to 

relax the conditions. The first is to allow redundant records. while 

enforcing the requirement that each query be stored consecutively. The 

second maintains a single copy of each record, but provides for queries 

which are scattered into a number of blocks of consecutive storage 

locat ions. The amount of redundancy or scattering is then a measure of 

the closeness of the solution to the ideal case. These schemes were 

suggested by Eswaran in his thesis [Eswl]. Kou then proved that both 

questions are RR-complete problems[Koul]. 

The two extensions have a natural interpretation in terms of matrices. 

A-of M is any matrix M’ formed from M by replacing a single 

row with two new rows whose ones are a partitioning of the ones in the 

original row. A similar definition applies for v. 

Example 4.21: 

Again the left matrix of example 4.15 serves as a guinea pig. The 

left matrix below is a row split. Row 1 has been split into two 

pieces, one remaining at the top and the other placed between rows 

3 and 4. 

0 1 0 0 

1 1 0 0 

1 0 1 0 

1 0 1 1 

1 0 0 1 

1 1 0 0 0 

1 1 1 1 0 

1 0 1 0 0 

1 0 0 0 1 

The right matrix is a column split. Column 3 was split with one 

of its ones being moved to column 5. Rows 1 and 2 were then 

interchanged. 

Adding redundant records is row splitting. Each time a record is 
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duplicated its row is removed from the query matrix and is replaced by 

two rows, one corresponding to the queries which access the first copy 

of the record and the other for the queries which access the second 

copy * In a similar fashion, column splits represent queries which have 

more than one block of records. Either extension leads to an 

N&complete problem, as shown by the next (double) theorem. 

Theorem 4.22 (Kou): 

Deciding if a matrix M has the consecutive ones property after 

either k row splits or k column splits is KP-complete. 

The proof is a polynomial time reduction of the Hamilton path 

problem to either the problem of row splits or column splits. The 

detai 1s are in [Koul]. 

gEn 

As before, a similar theorem can be obtained for the circular case. The 

analogy carries over completely, the path becoming a circuit. Although 

not stated in his original paper, Kou’s proofs still hold when the 

Hamilton circuit problem is substituted for the Hamilton path problem. 

4.23: Corollary 

Deciding if a matrix M has the circular ones property after either 

k row splits or k column splits is NP-complete. 

The final two generalizations are again Ryser’s suggestions[Rysl]. A 

matrix is s iff every mxk submatrix has the consecutive ones 

property; it is k-circular iff every mxk submatrix has the circular ones 

property. Ryser observed that testing for either of these two 

properties appears to be harder, in the general case, than the special 

cases of n-consecutive or n-circular ones (the consecutive ones or 

circular ones property, respectively). How much harder is not known, 
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but it is conjectured here that deciding if a matrix has either of these 

two properties is NP-complete. It is easy to show that the existence of 

a single consecutive or circular submatrix is hard to verify. 

Theorem 4.24: 

Let M by an mxn matrix. Deciding if there exists any mxk 

submatrix having the consecutive ones property is NP-complete. 

A simple reduction can be made from the Hamilton path problem. 

Given a graph G = (V.E). let M be the incidence matrix. G has a 

Hamilton path iff M has an nx(n-1) submatrix with the consecutive 

ones property. The Hamilton path problem is known to be 

NP-complete. 

QED 

The corollary is immediate, another instance of the almost complete 

analogy between the 1 inear and circular cases. An nxn submatrix with 

the circular ones property corresponds to a Hamilton circuit in the 

graph. 

Corollary 4.25: 

Let M by an mxn matrix. Deciding if there exists any mxk 

submatrix having the circular ones property is NP-complete. 

Using the reduction algorithm for PQ-trees. linear-time algorithms have 

been given for testing a matrix for the consecutive ones property, the 

circular ones property. and the circularly-compatible ones property. 

Tucker’s forbidden submatrix characterization of matrices having the 

consecutive ones property was shown to be a direct by-product of the 

reduction algorithm stated in chapter 1. A number of generalizations 

for the consecutive ones property have been shown to be NP-complete and 

hence most probably unsolvable by any polynomial time algorithm. The 
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question of how hard it is to test for quasi-circular ones remains open, 

as do the questions for k-consecutive and k-circular ones. 



Fulkerson and Gross defined the consecutive ones property as an aid in 

solving another problem, recognizing interval graphs[Full]. Their test 

had two parts: first compute the dominant-clique vs. vertex matrix for 

the graph and then test the matrix for the consecutive ones property. 

The algorithm in chapter 4 handles the second task in linear time. The 

first phase of the test can also be accomplished in linear time, using a 

new test for chordal graphs[Luel-3, ROSA]. Combining the two gives an 

algorithm for testing interval graphs which is optimal in a sense to be 

described later. Interval graphs are just one special case of a more 

general type of graph tailed chordal graphs. Two more classes are 

properly contained between these classes: a number of recognition and 

isomorphism questions are of interest for each of these classes of 

graphs. In particular, it has been shown that the question of general 

graph isomorphism is no harder than isomorphism for chordal graphs, and 

that interval graph isomorphism is actually solvable in 1 inear 

time[Bthl, Lue2]. 

I Models And Matrices 

An v for a graph G = (V,E) is a family of sets 

113 
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yG={si I i E V = 11,2,**.,n{ 
> 

having the property that two vertices i and j are adjacent in G iff the 

corresponding sets Si and Sj have a non-empty intersection. If this is 

the case, G is called the v for the family of sets. An 

intersection model is m if no member of the family is properly 

contained within another. The corresponding graph is called a m 

v. 

A graph G = (V.E) is an s iff it has an intersection model 

composed entirely of intervals chosen from some total ordering. The 

underlying set for the ordering may be of arbitrary cardinality. 

Obviously only finite graphs are of interest when discussing algorithms, 

so for these purposes the underlying set may be standardized as the real 

line, or any finite interval on the real line. Also without loss of 

generality, the intervals can be chosen to be finite and closed. This 

is convenient, so it will be assumed that all interval models are of 

this form. If there is a proper interval model, G is called a w 

maa. 

The first mention of interval graphs to appear in the literature is 

apparently the nole by Haj6s which posed the question of characterizing 

the intersection graphs of intervals on a line[Hajl]. The first 

solution was by Lekkerkerker and Boland[Lekl]. They cited the work of 

the biologist Benzer as a motivation for studying interval 

graphs[Benl-21. 

Benzer was interested in modeling the fine structure of genes. Just as 

chromosomes are linear arrangements of genes, Benzer proposed that the 

genes themselves might also be linear arrangements of subelements. To 

test this hypothesis a number of recombining experiments were performed 

using mutants. Observing a large number of these produced a body of 

data concerning the intersections of the various mutations. His problem 

was to reconstruct a linear model for the gene given this recombination 

data. As the applications in chapter 4 tend to only approximate systems 

in which exact consecutive ones arrangements exist, so the genetic data, 

with its imperfections due to sampling techniques, tends to only 

approximate an interval model. 
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Nonetheless, such work has served as the inspiration for the futher 

mathematical analysis of interval graphs. Since then a number of more 

important applications have surfaced, although the primary justification 

is still probably the combinatorial problem itself. After reviewing the 

known results for chordal and interval graphs, a number of new results 

will be discussed. After that, some specific applications to numerical 

analysis will be treated. 

A convenient way to represent a graph is by its v 

w M*(G). This is just the adjacency matrix M(G) with ones added 

along the diagonal. There are a number of interesting characterizations 

which can be made in terms of the augmented adjacency matrix. 

Theorem 5.1: 

G is an interval graph iff its augmented adjacency matrix has 

dense profile. 

Proof =>: 

Suppose that G = (V,E) is an interval graph. G has an 

intersection model composed of closed, finite intervals on the 

real line. Let the model be 

YG = [li.7-i] / i E V = 11.2,.--, 
1 nl ). 

Number the vertices of V according to the increasing order of 

their left endpoints. In this numbering. 

i < j <k => Ii 5 lj 5 1,. 

Present the augmented adjacency matrix so that the rows for the 

vertices have the same order as in the numbering. 

Cl aim* d 
M*(G) has dense profile with its rows in this order. 

Proof of claim: 
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It is sufficient to examine only elements above the diagonal, 

since the matrix is symmetric. Consider any nonzero entry mi.k 

for which i < k. In order that M have dense profile, it must be 

true that 

i < j <k => mi.j f 0. 

But this is almost ismediate from the way the ordering of the 

vertices (intervals) was chosen! 

Because mi k is nonzero. . it is certainly true that 

but transitivity then implies that 

lj 5 ri. 

This is all that is needed to guarantee that the two intervals 

C’i eril and Clj *Tj I 

actually intersect in at least one point, lj. It follows that 

mi .j is nonzero. Cl 

Proof c=: 

Suppose that M*(G) has dense profile. Without loss of generality 

assume that the rows have been ordered so the ones form a dense 

profile. For each i, let ki be the index of the last one in the 

iih column. Consider the family of intervals 

where 

Yc = 
-i 

[li,~i] 1 i f V = 11,2.--- .nl > 

li = i and Ti = k,. 

Claim. ------A 
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Ii n Ij # 9 <=> mi,. f 0. 1 

Proof of claim: 

Without loss of generality, assume that i < j. If the intervals 

intersect, ki must be at least as large as j. implying that mi.j 

is nonzero. Conversely if mi,j is nonzero the two intervals 

intersect since kj is at least j. 0 

g!sJ 

This last proof is almost ident ical to the one used by Fulkerson and 

Gross in their characterization of interval graphs[Fuil]. It is even 

closer to the following result which Roberts obtained for proper 

interval graphs[Robl-21. 

Theorem 5.2 (Roberts): 

G is a proper interval graph iff its augmented adjacency matrix 

has the consecutive ones property. 

Proof =>: 

The fact that no interval is properly contained in another means 

that ordering the intervals by right endpoint is exactly the same 

as ordering by left endpoint. Otherwise some interval is 

completely contained within another. It is then easy to see that 

all of t.he ones in a column, both above and below the diagonal, 

are consecutive. 

Proof <=: 

The construction used in theorem 5.1 is almost all that is needed. 

The only problem is guaranteeing that the model is proper. This 

is accomplished by defining 

where 

,T~] ( i E V = {1,2,.** 

li = i and 'i 
= k +2i-n-1 i , 
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Each of the intervals is just a little bit longer than before. 

Not enough longer to introduce new intersections, but sufficient 

to eliminate any proper containments. This is easy to check. 

Claim* A 

YG is a proper interval mode 1. 

Proof of claim: 

Suppose that Ii actual 

as saying that 

ly contained Ij properly. This is the same 

li 5 ‘j and 

These two conditions imply that 

T. < Ti 
I 

i < j and kj < ki 

The first holds because of the way the intervals were numbered and 

the second because the extra power-of-two is a fraction (the 

exponent is always negative) which means that ki must be strictly 

greater than kj. M*(G) is symmetric, so the rows also have 

consecutive ones. This inznediately gives a contradiction, 

however, because 

i < j c kj < ki 

yet both mk i and mk 
kl 

are clearly nonzero; consecutive ones in 

row ki would require’ that rnktsj also be nonzero. which is 

impossible if mk is the last nonzero entry in column j. 0 
I” 

gg 

What happens if the intersection model consists of intervals chosen from 

a circle instead of just from a line? Interval graphs are certainly 

included as a special case, but so are many other new graphs. This 

generalization was suggested by KIee[Klel] and analyzed by 

Tucker[Tucl-21. A m is one which has an intersection 

model composed entirely of arcs from a circle; a m 
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gy& is one which has a proper intersection model composed entirely of 

arcs from a circle. As before, it is sufficient to consider only closed 

arcs and also only arcs which are not the entire circle. 

Theorem 5.3 (Tucker): 

G is a circular-arc graph iff its augmented adjacency matrix has 

the quasi-circular ones property. 

Proof =>: 

Beginning with any arc, number all of the arcs in clockwise order 

of their counter-clockwise endpoint. An argument similar to that 

of theorem 5.1 establishes the fact that M*(G) has quasi-circular 

ones when presented in this order. 

Proof c=: 

Let ki be the index of the last one in the set Ui. It may be less 

than i because the sets are allowed to be circular! Assuming that 

G has n vertices, consider an n-hour clock. Let Ii be the 

clockwise arc which begins at i o’clock and which ends at 

ki o’clock. These arcs form an intersection model for G. using 

arguments similar to those of theorem 5.1. 

QED 

Not surprisingly, this last theorem characterizes circular-arc graphs 

using the circular variant of dense profile. Tucker’s theorem actually 

appeared first[Tucl] and the corresponding theorem 5.1 was pointed out 

by Tar j an[TarZ] . Both are modifications of Roberts’ result for proper 

interval graphs. Tucker’s second contribution is a circular analog for 

Roberts’ characterization. 
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Theorem 5.4 (Tucker): 

G is a proper circular-arc graph iff its augmented adjacency 

matrix has the circularly compatible ones property. 

Proof =>: 

The same construction used in the first half of the proof for 

theorem 5.3 works here. As before, the fact that the arcs are not 

properly contained in each other guarantees that the matrix has 

circularly compatible ones instead of only quasi-circular ones. 

Proof <=: 

To insure a proper model, slightly extend each arc to end at 

k.+Zi-“-I o’clock. 1 The same argument used in theorem 5.2 then 

applies. 

For both interval and circular-arc graphs there are linear-time 

algorithms which test for proper models. These utilize the matrix 

characterizations just given and the algorithms of chapter 4. both of 

which are based on reduction. A direct test for dense profile seems 

difficult. Instead it is more convenient to use an alternate 

characterization of interval graphs. treat the matrix as a graph, and 

then use t.he interval graph test. A test for quasi-circular ones seems 

much harder. Why this should be true will be explained after looking at 

the test for interval graphs. 

A- is a completely connected subgraph. Every pair of vertices is 

adjacent. A u is a clique which is maximal with respect 

to set containment. Usually a dominant clique will be writen as ,C. 

possibly with subscripting or superscripting. It is easy to see that 

the dominant cliques completely determine the adjacency relation of a 

graph since two vertices are adjacent if f they are in a common dominant 

clique. The ad j acency relation can thus be represented by the 

dominant-c matrix in yycv--c which each row 
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corresponds to a dominant clique and each column to a vertex. Usually 

this will be called simply the _domm for the graph. An 

entry is nonzero iff its vertex is in the corresponding clique. 

Theorem 5.5 (FulkersonSross): - 

G is an interval graph iff its dominant-clique vs. vertex 

incidence matrix has the consecutive ones property. 

Proof =>: 

Consider an interval model for G. Each dominant clique is a 

family of mutually intersecting intervals. Given a dominant 

clique C. define 

and 
1, = max ( 1 1 [l.T] E 6’ } 

T c = min T ( [l.T] E c 
> 

. 

Obviously 1, i r,, since otherwise the interval corresponding to 

1, would not intersect the interval corresponding to TV, a 

contradiction of the fact the all of the intervals in C intersect. 

An even stronger statement can be made. Any point in [le,rc] is 

conznon to exactly ,the intervals in the clique. Order the rows 

(dominant cliques) of the matrix according to increasing values of 

le, * 

Claim- A 

The matrix has consecutive ones when presented in this order. 

Proof of claim: 

Consider any column. It represents a vertex which is an interval 

I = [l.r] in the model. Suppose that the ith and kth entries in 

the column are nonzero for i < k. From the previous remarks, it 

is clear that both l,, and 1, k are points of I. The order in 

which rows (cliques) are arranged requires that 

i < j <k => 1,. < 5 . 
1 

1, 
1 

1, 
k 
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This is sufficient to guarantee that 1,. is in I and hence that 
1 

the jth entry in the column is also nonzero. This is the 

consecutive ones property. 

Proof <=: - 

If the matrix has consecutive ones, let each vertex correspond to 

the interval [li.ri] where li is the index of the first one in the 

column and ri is the index of the last one in the column. Two 

intervals intersect iff they have a point in common. The common 

point can always be chosen an integer, and thus two intervals 

intersect iff their vertices belong to a common clique. As 

remarked before, the dominant cliques completely characterize the 

adjacency relation for the graph: the previous statement is thus 

equivalent to saying that two intervals intersect iff their 

vertices are adjacent. 

QED 

Unfortunately this characterization cannot be extended to include 

circular-arc graphs by simply substituting circular ones for consecutive 

ones. The forward implication does not hold. This is because not every 

dominant clique corresponds to an arc. The construction used in theorem 

5.5 implies that there are at most n dominant cliques in an interval 

graph since there are only n choices for 1, (the value of r’e is 

determined by Zc). If every dominant clique in a circular-arc graph 

corresponded to an arc, the same result would ho!d. but Gavril has shown 

that there may be as many as 2n/2 dominant cliques[Gav6]. 

Fulkerson and Gross’ theorem for interval graphs was actually the third 

characterization to appear in the 1 i terature, Gilmore and Hoffman[Gill] 

earlier proved that interval graphs were properly contained in the 

complement of the transitively orientable graphs. The earliest 

appearance of interval graphs. except for the note by Haj&[Hajl], is 

the characterization given in [Lekl]. Although the next result predates 

Tucker’s structure theorem for consecutive ones, the proof given here 

uses Tucker’s result. 
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Theorem 5.6 (Lekkerkerker-Boland): 

A graph G = (V,E) is an interval graphs iff it has no subgraph 

isomorphic to one of the following types of graphs: 

/x\ 
Y Z 

at .** a, 

Gb (n > 0) 

X 

al 

X GI1, (n > 0) 

I 
X 

Y 
a,-:--,-“O;:-.. iz 

I 

2 
es. a 

n 
-a 

n+l /a1\ 

G1II, (n > 0) a2 

I ;aoQi 

Y Z 

GV 

(These are the m. As in chapter 1, the vertices 

x* y* and z represent x__ aster-: three vertices any two 

of which are connected by a path to which the third is not 

adjacent. The first three types are graph schemata, having a 

parameter n > 0, while the last two are simply graphs.) 

Proof =>: 

Every subgraph of an interval graph is also an interval graph. 

None of the fives types of graphs shown above is an interval 

graph. This is easily verified by computing the dominant-clique 

matrices and recognizing that they are exactly the forbidden 

submatrices of theorem 4.1e. 

Proof <=: _____ 

Suppose that some graph having none of the forbidden subgraphs was 

still not an interval graph. Then by theorem 5.5 its 

dominant-clique matrix does not have the consecutive ones 

property. It therefore has one of the forbidden submatrices. The 

bipartite graph interpretation is handier in this case; one of the 
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families from theorem 1.16 occurs, where the cliques are atoms 

(the objects being rearranged) and vertices are the sets. 

There are a multitude of cases to consider, but arguments similar 

to those given in theorem 1.16 show that each instance of a 

forbidden subfamily implies the existence of one of the forbidden 

subgraphs given above. This is accomplished by replacing the 

cliques with the appropriate edges and/or vertices which must be 

present in G. 

BED 

Theorem 5.6 is due to Lekkerkerker and Boland. Tucker proved a similar 

structure theorem for proper circular-arc graphs as part of his 

thesis[Tucl]. The subgraphs involved were more complex than these. 

Roberts had earlier proved a proper interval graph structure theorem in 

his thesis[Robl]. The theorem for general circular-arc graphs is left 

as an exercise for the reader’s thesis. 

II Chordal Graphs 

The Fulkerson-Gross algorithm for identifying interval graphs has two 

parts. It first finds the dominant cliques and then determines if the 

resultant dominant-cl ique vs. vertex incidence matrix has the 

consecutive ones property. It turns out that the size of this matrix is 

no larger than the size of the adjacency matrix. Even better, the 

number of nonzero entries is bounded above by the total number of edges 

in the graph. Thus the second phase is easily handled in linear time 

using the techniques of chapter 4. 

Calculating the dominant cliques is also easy. Interval graphs are a 

special case of a class of graphs which have a particularly convenient 

dominant clique structure. These have been called s. m 

v. friannulated, w. v 

m, and Dn er ect a. some of these names are 

confusing since they conflict with other graph properties. The term 

chordal will be used here exclusively, partially because it is widely 

found in the literature, but primarily because it has no other commonly 
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accepted meaning. 

A graph is m iff every cycle of length greater than three has a 

chord -- A chord is an edge joining two vertices which are not connected 

by an edge of the cycle. Fulkerson and Gross[Full], and earlier 

Lekkerkerker and Boland[Lekl], have given algorithms which effectively 

test a graph for chordality. Gavri 1 was able to improve on these by 

reducing the question of chordality to a matrix multiplication, 

producing an O(n”ge7) recognition algorithm[Gav4]. This too can be 

improved upon. 

An ordering cx for the vertices of a graph G = (V.E) is a m 

elimination iff it satisfies the property that, given a vertex 

i and any two vertices j and k which are adjacent to i. if 

a(i) < a(j) and a(i) < al(k) 

then j and k must be adjacent to each other. The explanation of why 

this is called a perfect elimination ordering requires a knowledge of 

Gaussian elimination. 

Given a symmetric matrix M, the zero / nonzero structure represents an 

adjacency relation for a graph whose vertices are the rows (or columns) 

of the matrix. If the graph has a perfect elimination ordering 

performing the elimination steps on the matrix in the order given by a 

will guarantee that no zero element of the matrix becomes nonzero as the 

result of an elimination step. This explains why the name zero fill-in 

is applied to graphs whose adjacency matrices have this property. 

Numerical stability might be a problem, but if the matrix is also 

positive definite this can be safely ignored, at least with respect to 

the order of elimination. 

Zero fill-in is a distinctly different definition than chordality. Rose 

has shown that the two conditions define exactly the same class of 

graphs[Rosl]. The proof of this fact requires some preliminaries. 

An algorithm for testing chordality exists which is a single-pass search 

of the graph. Not any search will do, but a particular type does work. 
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The one used here will be a lexicoeraphic. This 

idea was independently discovered by Lueker[Luel] and also Rose and 

Tarjan[RosZ]. It has been used to solve processor scheduling 

problems[Cofl]. The search proceeds by assigning a sequence of labels 

to the vertices of the graph and then using the labels to govern the 

order in which vertices are visited. At each step the vertex with the 

iargest label is chosen. Largest means dictionary order, where longer 

labels are greater than their proper prefixes. The numbering scheme is 

outlined in the next algorithm. 

Lexicographic Breadth-First Search 

[l] All vertices are unnumbered. Label each vertex with the null 

string. This is always the smallest label. Initialize k to n. 

the number of vertices in G. 

[Z] Of all unnumbered vertices having .a largest label, choose one 

and assign it the number k. 

[3] Append k to the label of every unnumbered vertex to which vertex 

k is adjacent in G. Also append k to the label for the vertex 

numbered k. 

[4] Decrement k and, if it is nonzero, go back to step 2. Otherwise 
‘\ 

halt. 

The important property of this numbering is that the vertices are 

processed in exactly the order (actually the reverse order) in which 

they should be eliminated in a perfect elimination scheme. The reason 

that this is true becomes apparent after investigating a few elementary 

properties of lexicographic breadth-first search, especially as applied 

to chordal graphs. The first is easy to verify given the definition of 

a search. 
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Lexicographic search labels each vertex with a list of the 

adjacent vertices having larger numbers plus its own number. The 

numbers in a label are sorted from largest to smallest. 

The second lemma is a bit more complicated, but it is exactly what is 

needed to characterize chordal graphs. 

Lemma 5.8 (Tarjan): 

Let G = (V,E) be any graph numbered by lexicographic breadth-first 

search. If j andk are vertices whose numbers are larger than i 

which are both are adjacent to i then there is a path in G between 

j and k all of whose internal vertices are both nonadjacent to i 

and numbered larger than i. 

Proof: 

Suppose that there exist vertices numbered i, j, and k satisfying 

the hypothesis but not the conclusion. Let 

{jl.---.jr> and (kI.....k,} 

be the vertices having paths to j or k, respectively, which are 

nonadjacent to i and pass only through vertices numbered greater 

than i. Without loss of generality, assume that these are in 

decreasing order. 

j, > ~-0 > j, and k, > ... > k,. 

Note that each of the vertices is necessarily greater than i. 

Using these, a contradict on will be derived. 

Claim 1: 

For any choice of p and q the two vertice j, and k, are not only 

not equal, they are nonadj acent in G. 
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Proof of claim 1: 

If one of the j,, were also one of the k, then there would be a 

path. starting with j and ending with k, which had no internal 

vertices either adjacent to or numbered less than i. This is 

contrary to the choice of j andk. A similar argument precludes 

j,, and k, being adjacent. q 

Consider the series of labels which are assigned by the 

lexicographic breadth-first search. Initially, all of the jP, all 

of the k,, and i have empty labels. Look at the first time one of 

these labels is changed by some vertex 1. not one of the j’s or 

k’s, being numbered. 

Claim 2: 

The vertex 1 is added to the label of i and every one of the jr, 

and k,. 

Proof of claim 2: 

If 1 were not adjacent to i it would itself be one of the jP or 

kc It isn’t. Thus it is adjacent to i. But i gets numbered 

after all of the others, so 1 must also be added to every one of 

their labels in order to keep those labels at least as large as 

the label for i. q 

This second claim is equally valid for each subsequent vertex 

which is numbered. Numbering the vertex either changes all of the 

labels for the j’s and k’s or else it changes none of their 

labels. Thus when the first jr, or k, receives a number, all of 

the labels are still ident ical. The two cases are symmetric, so 

assume that k, gets numbered first. 

From the first claim it is clear that no label of any j,, is 

changed. But the label of some k, is, because there is a path to 

k from k,, passing through higher-numbered k’s. Thus k, will be 

numbered before any of the jP. But k, is itself adjacent to some 

k,o which will in turn be numbered before any of the jP. This 

continues until eventually k and then i is numbered, all be’fore 

my jp. This contradicts the fact the i is numbered last. 
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So far none of the properties of chordal graphs have been used. Now is 

the time. This last lemna. in the special case of a chordal graph, is 

enough to guarantee that the lexicographic numbering is in fact a 

perfect elimination ordering. 

Theorem 5.9 (Rose): 

A graph G = (V,E) is chordal iff it has a perfect elimination 

ordering. 

Proof =>: 

Suppose that G is chordal. Number the vertices according to 

lexicographic breadth-first search. Lemma 5.8 can be restated in 

a stronger form. 

Claim. A 

Ifi<j<k and j and k are both adjacent to i, then they are 

also adjacent to each other. 

Proof of claim: 

Using lermna 5.8 there must be a path, nonadjacent to i. whose 

internal vertices connect j and k and are all numbered higher than 

i. Choose a minimal path which satisfies this condition. Add the 

edges Ii.j] and fi,k] to form a cycle. The cycle obviously has no 

chord, because the path is minimal and i is only adjacent to j and 

k, by assumption. But if the cycle has length greater than three, 

the graph could not be chordal. This implies that the path in 

question actually is a single edge and hence that j and k are 

adjacent in G. 0 

.ly the def ini tion of a The condition stated in the claim is exact 

perfect elimination ordering for G 
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Proof <=: 

Suppose that G has a perfect elimination ordering. Consider any 

cycle of length greather than three. Select i to be the lowest 

numbered vertex in the cycle and let j and k be the two 

immediately adjacent vertices in the cycle. The perfect 

elimination condition requires that they be adjacent, and hence a 

chord. 

QED 

The last proof showed that any lexicographic breath-first numbering of a 

chordal graph is a perfect elimination ordering. The converse is not 

true. There are perfect elimination orderings which cannot be realized 

by any lexicographic breadth-first search of the graph. For the purpose 

of recognizing chordal graphs. this is no drawback . Not all perfect 

elimination orderings are required, just one. A bit more on chordal 

graphs is still needed before returning to interval graphs. 

The next theorem characterizes chordal graphs as being exactly those 

graphs whose intersection models can be constructed from a tree. Here 

tree means a topological tree, where each vertex of the graph 

corresponds to a connected subset of the tree, which is a subtree in the 

topological sense. Two points are t;orth noting: every interval graph 

has a model of this type because a collection of intervals is a linear 

tree : secondly, just as the interval model can be constructed from 

dominant cliques, the theorem will construct a tree model whose nodes 

are the dominant cliques of the graph. 

The proof given here is different from the one in [Gav2]. Gavril’s 

construction is based upon an O(n4) algorithm for recognizing chordal 

graphs. The construction here makes use of theorem 5.9. This leads to 

a new proof of the characterization and a linear-time algorithm for 

constructing the intersection model. 
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G is a chordal graph iff it is the intersection graph of subtrees 

in a tree. 

Proof =>: 

Number the vertices of G using lexicographic breadth-first search. 

A label is maximal if it is not a prefix of any other label. 

Define a graph To = (Vc.Ec) whose vertex set is the set of maximal 

labels. If li and Ij are each maximal labels, let li be the 

lexicographically smaller of the two. Let k be the lowest 

numbered vertex of li which is in some other lexicographically 

larger maximal label. If k does not exist, the labels li and Zj 

are not adjacent; otherwise, li is adjacent to Zj iff Ij is the 

lexicographically largest maximal label containing k. 

Claim 1: 

The maximal labels are exactly the dominant cliques of G. 

proof of claim 1: 

The lexicographic breadth-first numbering is a perfect elimination 

ordering. This inmediately implies that the labels are cliques; 

every vertex is adjacent to the lowest numbered vertex in the 

label and all of the higher numbered vertices must be pair-wise 

adjacent according to the perfect elimination property. 

Dominance of the cliques is easy to demonstrate. Maximality of 

the labels implies that no label is a prefix of another. It might 

still be possible for the set of vertices in one label to be 

contained within the set of vertices in another label, without the 

second label being a prefix of the first. It is easy to show that 

this is actually impossible. Suppose that some label 1, contains 

all of the vertices in 1, without 1, being a prefix of 1,. Let i 

be the lowest numbered vertex in 1, and j the lowest numbered 

vertex in 1,. Necessarily i < j because j is by assumption in 1,. 

In order for the containment to hold 1, would have to have some 

vertex k > j which was not in l,, otherwise 1, is a prefix of 1,. 
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But this is a contradiction because obviously j and k are adjacent 

(they are in the clique 1,)‘and hence k must be in the label for 

j, which is the clique 1,. 

All that remains of the claim is to verify that every dominant 

clique occurs as a label. Consider any clique at all. Choose the 

lowest numbered vertex in the clique, call it i. From lemma 5.7 

it is clear that its label includes all of the vertices of the 

clique because the label contains all of the higher numbered 

vertices adjacent to i. By definition either this label or some 

properly containing label is included in V,. 0 

Claim 2: 

The graph T, is a forest. 

Proof of claim 2: 

This is immediate. From the definition it is obvious that any 

label li is adjacent to at most one lexicographically larger 

label. The new graph, T,, is thus acyclic because the 

lexicographically smallest label in a cycle has to be adjacent to 

two distinct lexicographically larger labels. 0 

Arbitrarily connect the trees in the forest to obtain a a single 

tree. This is just a nicety to handle graphs which are 

disconnected. Define a family of subgraphs by the fol 

90 = 
{ 

Ti 1 i E V={1,2.**.,nj > 

where T, is the subgraph of To induced by the 1 abe 

cliques) to which i belongs. 

Claim 3: 

Each Ti is a tree. 

Proof of claim 3: 

owing. 

s (dominant 

It is sufficient to show that for every vertex j all of the 

dominant cliques to which it belongs are connected in T,. 

Consider the order in which lexicographic breath-first search 



5 Graph Models 133 

numbers the vertices. The first maximal label to be created 

presents no problem. There are no previously created labels to 

which it must be connected. An informal induction can then be 

performed on the remaining cliques as they are added. As each 

subsequent maximal label is found, let j be any vertex in the new 

label. If j appears in no previously created maximal label there 

is nothing to prove. Otherwise let i be the lowest numbered 

vertex within the newly created clique such that i is in some 

previously created clique. 

From the way the edges E, were chosen, the new clique must be 

adjacent to the lexicographically largest label of which i is a 

member . The lexicographic order insures that this will contain 

the largest label assigned to i as a prefix. Note that the choice 

of i guarantees i I j. Vertex i is adjacent to j (the new label 

is a clique) hence j is in the label of i and thus a member of the 

previously created clique to which the new clique is connected. 

By assumption the earlier clique is connected to all of the other 

cliques to which j beiongs. 

Vertices which are not in the new maximal label are still in a 

connected set of labels since no edges are deleted from E, when a 

new maximal label is found. 0 

Claim 4: 

.Vo is an intersection model for G 

Proof of claim 4: 

Two vertices are adjacent in G iff they are in a common dominant 

clique. Two subtrees intersect iff they have a common node. The 

nodes are exactly the dominant cliques to which the vertices 

belong. q 

Proof <=: 

Suppose that G is a graph having an intersection model which is 

composed of subtrees from some tree. Choose any cycle in G of 

length greater than 3. The cycle corresponds to a path in tne 
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tree which cyclically visits each subtree. An edge in the cycle 

is a point in the tree which is in two subtrees adjacent in the 

cycle. A chord for the cycle is a “shortcut” in the tree which 

el iminates mention of at least one of the subtrees: the subtrees 

at each end of the chord share a comnon point. A cyclic path with 

no “shortcilts” is thus a cycle in the tree. This is a 

contradict ion. 

QED 

This result shows that a slight modif ication to lexicographic 

breadth-first search is sufficient to test for chordality and also to 

find the dominant cliques. 

Theorem 5.11 (Lueker-Rose-Tarjan): 

A graph G = (V.E) can be tested for chordality in O(n+e) steps and 

if it is chordal , the dominant cliques can be listed at no 

additional cost. 

The lexicographic search is easily implemented to run in linear 

time. This is shown in [Luelj and [RosZ]. The test for 

chordality consists of verifying that each label is a dominant 

clique. Both Lueker, and Rose and Tarjan show that this too can 

be accomplished in O(n+e) steps because it is sufficient to check 

that each vertex in a label is adjacent to the second lowest 

numbered vertex in the label. 

The number of edges which must be checked is O(e) since each such 

edge can be paired with the corresponding edge to the lowest 

numbered edge in the label, and each of these is counted exactly 

once when summed over all of the labels. 

It also is possible to maintain all of the dominant cliques and their 
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interconnections within T, at no extra expense. Thus the lexicographic 

breadth-first search makes possible more than just a linear recognition 

algorithm for chordal graphs: it also effectively constructs an 

intersection model. 

The analogy between theorem 5.10 and theorem 5.5 should be obvious. The 

intersection model constructed for interval graphs is exactly the same 

as the intersection model for chordal graphs, except that the dominant 

cliques are arranged linearly. Straightening the tree out is all that 

has to be done in order to get an interval model. 

The Fulkerson-Gross characterization for interval graphs can be combined 

with the efficient chordality test and then topped off with pruned tree 

reduction for the straightening. 

Theorem 5.12 (Booth-Lueker): 

Given a list of its e edges a graph G can be tested for being an 

interval graphs in O(n+e) steps. 

Proof * -1 -- 

The algorithm is easy. Using lexicographic breadth-first search 

compute the dominant cliques and build a nonzero-entry list for 

the dominant-clique matrix. This takes O(n+e) steps. Note that 

each nonzero entry corresponds to an edge of the original graph. 

This matrix can be tested for consecutive ones in O(n+e) steps. 

Using the characterization of theorem 5.1 this yields an efficient, if 

roundabout , test for dense profile. 

Corollary 5.13: 

Given a list of its e nonzero entries, an mxm (0,l) matrix M can 

be tested for dense profile in O(m+e) steps. 
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When the graph is specified by an adjacency matrix instead of an edge 

list the bound is not as good, but it is still a linear function of the 

size of the input. 

Corollary 5.14: 

An mxm matrix can be tested for dense profile in O(m2) steps. 

Both of these tests, one for perfect elimination and the other for dense 

profile, are useful in numerical analysis. Symmetric positive definite 

matrices have the property that any elimination order is stable. Thus 

an algorithm is free to choose one which is convenient. As already 

noted, a perfect elimination ordering wi 11 have zero fill-in. This 

means that storage can be minimized for sparse matrices because only 

those entries initially present need be stored. 

This unstructured sparseness requires a list-processing approach. It 

may be more convenient to store the columns (or rows) as short vectors. 

This can be done economically if the matrix has dense profile because 

again only the elements initially present will ever be required. The 

only drawback to either of these schemes is that many matrices do not 

have perfect elimination orderings or dense profile. As might be 

expected, the problem of obtaining good approximations is difficult. 

Rose and Tar jan have shown[Ros2] that the problem of finding a minimum 

fill-in ordering is RR-complete for the directed case (non-symmetric 

matrices). The status of the undirected (symmetric) case is at present 

open. It is also unknown whether finding a minimum augmentation to 

achieve dense profile is RR-complete. although it is suspiciously 

similar to the problems analyzed in chapter 4. A closely related 

problem. minimum bandwith, has been shown to be RR-complete by 

Papadimitriou[Papl]. These negative results suggest that practical 

solutions for numerical appl ications will have to rely on heuristic 

techniques. 
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Perhaps the most interesting application for the interval graph test has 

been saved for next-to-last. Lueker has pointed out[Bthl. LueZ] that 

the PQ-tree which results from testing the dominant-clique matrix for 

consecutive ones is a canonical representation of the interval graph. A 

linear-time isomorphism test for interval graphs is thus an easy 

modification of the tree isomorphism algorithm given in [Ahol]. Lueker 

also showed that general graph isomorphism is equivalent to isomorphism 

for chordal graphs. This means that if a linear-time test exists for 

chorda 1 graph isomorphism then general graph isomorphism would also be 

1 inear. It is tempting to simply extend Lueker’s result to the case of 

chordal graphs. 

The intersection model given by theorem 5.10 is not, unfortunately, a 

canonical form for the chordal graph. The nodes of the tree are always 

the same, but the edges are a function of the order in which the 

vertices of G are explored and there is a degree of indeterminacy in the 

lexicographic search. 

Another alternative is to examine graphs of intermediate complexity 

between interval and chordal graphs. Gavril[Gav3] and Renz[Renl] have 

both done this. Instead of looking at subtrees within a tree, restrict 

each member of the intersect ion mode 1 to be a path within the tree. 

Graphs of this type form a proper subclass of the chordal graphs. An 

even stronger restriction, but one which is still more general than the 

interval graphs, is found by examining the intersection graphs of 

directed paths within directed trees. 

All of the classes of intersection models mentioned in this chapter can 

be represented in a diagram of their partial ordering under set 

inclusion. 
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subtrees in trees 

paths in trees 

directed paths 
in directed trees 

proper circular-arcs 

intervals proper circular-arcs 

proper intervals 

Proper interval graphs are the most restrictive. Not ice that above 

interval graphs there is no notion of a proper intersection model. 

Every model can be chosen proper. Some of the earlier examples have 

indicated that some of the class containments shown above are proper. 

In actual fact, a!1 of them are proper. 

The four types of intersection graphs, interval, directed-path, path, 

and subtree form a four-class hierarchy, each properly contained within 

the other. In all cases the intersection models can be chosen as graphs 

having the dominant cliques as nodes. Gavril[Gav3] has given algorithms 

which recognize each of the middle two types of graphs. Both of his 

algorithms are based on the Gilmore and Hoffman algorithm[Gill] for 

recognizing interval graphs. Their test does not run in linear time, 

but it is still polynomial and it has some properties which are 

convenient for the extensions being tested. 

The final two results are similar in spirit to theorems 3.7 and 4.6. 

Planarity is a monotone graph property, and hence a special case of 

Rivest and Vuillemin’s result. As was remarked before, consecutive ones 

is not a monotone property: neither is chordality, nor the property of 

being an interval graph. Ad hoc arguments can be concocted, however. 
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Let n 2 4. Any algorithm which correctly tests a graph having n 

vertices for chordality, using only the adjacency matrix as input, 

must examine O(n2) entries. 

Consider the w K, having n vertices. It is its own 

dominant clique, every vertex being adjacent. 

Claim- --.? 

Every correct algorithm must examine all but at most n-l of the 

edges of K,. 

Proof of claim: 

Suppose n edges exist which ‘were not checked by the algorithm. 

Restrict attention to the subgraph induced by the unexamined 

edges. If the edges form more than one component choose any two 

edges from different components. These have distinct endpoints. 

Otherwise there is a vertex i having a maximum number of incident 

unexamined edges. All together these can account for at most n-l 

edges. 

There must be some other vertex, say j. adjacent to i and also 

incident with some other unexamined edge. Let 1 be the other 

vertex for this edge. If 1 is also adjacent to i then the three 

form a triangle and there must be at least one more edge incident 

with i. This gives a fourth vertex k. The edges {i.k{ and {j,Z] 

have distinct vertices. 

If 1 is not adjacent to i then there is still some other vertex k 

which is adjacent to i. This again gives vertex-disjoint edges 

li.kl and Ij,l1. The claim is thus complete because the cycle 

(i,j,k.l) in K, cannot have been checked for a chord because 

neither of the two edges was examined! The algorithm thus cannot 

differentiate the complete graph from one which is not chordal. 0 

QED 
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An identical proof works for interval graph testing because K, is not 

only chordal, it is an interval graph. 

Theorem 5.16: 

Let n 1 4. Any algorithm which correctly tests a graph having n 

vertices for being an interval graph, using only the adjacency 

matrix as input, must examine O(n2) of the entries 

It would be interesting to investigate the camp 

isomorphism for each of these intermediate families 

general graph isomorphism can be reduced to one of them 

lexity of graph 

and then see i f 

This chapter has discussed a number of topics, all related to 

representing graphs by intersection models. Seven classes of 

intersection models were examined, each characterizing a class of 

graphs. Some of the classes were shown to be equivalent to matrix 

properties introduced in chapter 4, if graphs are represented by their 

augmented adjacency matrices. Algorithms for recognizing some of these 

were given, although the case of circular-arc graphs appears to be much 

harder than the others. 

A number of open problems, notably the complexity of chorda graph 

isomorphism and the minimum augmentation to achieve dense profile, 

deserve further study. 



Summary 

The previous chapters have presented a new data structure called 

PQ-Trees and a set of algorithms for manipuiating them. These have been 

applied to two algorithms which have appeared in the 1 i terature - 

Lempel. Even, and Cederbaum’s planarity test and Fulkerson and Gross’ 

interval graphs test. In both cases the algorithms have been speeded up 

so as to run in a Lime linear with the size of the input. 

The correctness proofs for the algorithms and the time bounds refer to a 

number of properties of PQ-formulas. The PQ-formulas are a 1 inear 

representation of PQ-trees. Each tree is an equivalence class of 

formulas. The equivalence classes, and hence by analogy the trees, form 

an algebraic lattice. This idea is developed in chapter 1 along with a 

structure theorem for deciding if a formula (or tree) is reducible. The 

concept of the reducibility of a formula with respect to a set i-: the 

property which is exploited in both the graph applications. 

The tree representation of PQ-formulas enables efficient algorithms to 

be constructed for reduction and hence for the two recognition problems. 

This is discussed in chapter 2. The exact details of the implementation 

are in the appendix, which follows. 
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Chapter 3 is short. A few definitions from graph theory are reviewed. 

An implementation of Lempel. Even, and Cederbaum’s graph planarity 

algorithm is then given: it runs in O(n) steps for a graph having n 

vertices. The algorithm is illustrated with an example. 

Chapter 4 is somewhat longer. The consecutive ones property for 

matrices is examined and i t is shown that the reduction algorithm is 

equivalent to a test for consecutive ones. The chapter continues with a 

discussion of some variations on this theme including some related 

NP-complete problems. The consecutive ones property is used as a part 

of the interval graph test in chapter 5. 

Interval graphs are an example of a type of intersection model, as are 

circular-arc graphs and chorda! graphs. Various algorithms for 

recognizing these classes of graphs are discussed. Using the efficient 

consecutive ones test and an efficient chordality test of Lueker, Rose, 

and Tar j an, the Fulkerson-Gross test for interval graphs is speeded up 

to run in O(n+e) steps for a graph having n vertices and e edges. 

There are three basically new results: the algebraic formulation of 

PQ-formulas, the PQ-tree data structure with its transformations, and 

the linear running times for the two graph recognition algorithms. 

Some of the ideas presented here are also explained in a 161mn color 

movie which is available from the author. Persons interested in 

obtaining a copy should contact me at the address below. 

Kellogg Booth 

Mai 1 Stop L-73 

Lawrence Livermore Laboratory 

P. 0. Box 608 

Livermore, CA 94550 

(415) 447-1100 Ext. 3359 

Thanks for reading. 



Appendix 

The pruned tree reduction algorithm of chapter 2 has been implemented. 

The program runs on a CDC 7600. It is written in LLLTRAN, a variant of 

FORTRAN used at Lawrence Livermore Laboratory. A 1 ist ing of the program 

and an example of its use are both on the next page. The informat ion 

is on microfiche because of its volume. 
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The bibliography contains a reference for each of the works cited in the 

text. A number of these were pointed out to me by George Lueker. There 

are surely other articles which 1 have missed, but this list should 

provide a good start for anyone wishing to further pursue the ideas 

presented here. 

[Ahol] A. V. Aho. J. E. Hopcroft, and J. D. Ul lman, The Design And 

Analysis Of Computer Algorithms, Addison-Wesley, Reading, 

Massachusetts (1974). 

This is good reading for a general background. Many of the basic 

concepts used in this thesis are explained: tree data structures, 

graphs, NP-complete problems, and general methods of analyzing 

algorithms. 

[Bakl] K. A. Baker, P. C. Fishburn. and F. S. Roberts, “Partial Orders 

Of Dimension 2,” Networks, 2 (1972) 11-28. 

Partial orders of dimension 2 are equivalent to comparability 

graphs. These in turn were related to interval graphs by Gilmore 

and Hoffman in [Gill]. 
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